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OVER Q
GAREN CHILOYAN AND ÁLVARO LOZANO-ROBLEDO
Abstract. Let E/Q be an elliptic curve defined over Q. The Mordell–Weil theorem shows that
E(Q) is a finitely generated abelian group, and therefore E(Q)tors is a finite abelian group. In this
article we define the isogeny-torsion graph attached to E as a graph where each vertex is a pair
consisting of an elliptic curve and its torsion subgroup over Q, and the edges represent the cyclic
rational isogenies among the elliptic curves in the same isogeny class. Then, the main result of
the article is a classification of all the possible isogeny-torsion graphs that occur for elliptic curves
defined over the rationals.
1. Introduction
Let E/Q be an elliptic curve defined over Q. The Mordell–Weil theorem shows that E(Q) is
a finitely generated abelian group, and therefore E(Q)tors is a finite abelian group. By Mazur’s
theorem, there are precisely 15 different isomorphism types of torsion groups that occur over Q
(which we recall in Theorem 2.1 below). Now, suppose that E admits an isogeny φ : E → E′ defined
over Q, where E′/Q is another elliptic curve. In this article, we are interested in the possible pairs
of torsion subgroups that can occur as (E(Q)tors, E′(Q)tors). More generally, let G be the Q-isogeny
graph associated to E, that is, G is the graph with as many vertices as there are curves in the
Q-isogeny class of E, where the edges of the graph represent the cyclic rational isogenies among the
curves in the same class. We define an isogeny-torsion graph to be an isogeny graph, such that each
vertex (associated to an isogenous curve E′/Q) carries the additional information of the isomorphism
type of the torsion group over Q (that is, the group structure of E′(Q)tors). Thus, the main goal
of this article is to study and classify all the possible isogeny-torsion graphs that occur for elliptic
curves defined over Q.
Z/2Z
Z/2Z× Z/2Z
Z/4Z Z/4Z
Figure 1. The isogeny-torsion graph for the isogeny class of 17.a2.
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2 GAREN CHILOYAN AND ÁLVARO LOZANO-ROBLEDO
Example 1.1. Let E/Q be the elliptic curve y2 + xy+ y = x3 − x2 − 6x− 4 with LMFDB [7] label
17.a2. The curve E admits three distinct 2-isogenies, and no other isogenies, so the isogeny class
17.a consists of four elliptic curves. The torsion subgroup of E is isomorphic to Z/2Z×Z/2Z, while
those curves at the corners of the graph have torsion subgroups Z/2Z, Z/4Z, and Z/4Z, respectively.
Thus, the isogeny-torsion graph associated to E is as it appears in Figure 1.
We will abbreviate Z/aZ and Z/aZ × Z/bZ by [a] and [a, b], respectively, and we will denote an
isogeny-graph as the one in Figure 1 by ([2, 2], [4], [4], [2]).
Our main theorem is as follows.
Theorem 1.2. There are 37 isomorphism types of isogeny-torsion graphs that are associated to
elliptic curves defined over Q. The complete lists of all possible graphs (together with examples of
isogeny classes with each possible graph) are given in Tables 1 through 4 in Section 4.1.
The rational isogenies of elliptic curves defined over Q have been described completely in the
literature. One of the most important milestones in the classification was [11], where Mazur dealt
with the case of isogenies of prime degree. The complete classification of rational isogenies, for prime
or composite degree, was completed due to work of Fricke, Kenku, Klein, Kubert, Ligozat, Mazur
and Ogg, among others (see Theorem 2.5 below, and [9], Section 9). In particular, the work [6] of
Kenku shows that there are at most 8 elliptic curves in each isogeny class over Q (see Theorem 2.2
below).
After some preliminary results in Sections 2 and 3, and building on Kenku’s work [6], we shall show
in Section 4 that there are 10 types of isogeny graphs (including the trivial graph with one vertex),
which we denote linear (L1 through L4), rectangular (R4 or R6), T -graphs (T4, T6, and T8) and the
special graph of type S. In Section 4.1 we state our main theorem (see Theorem 4.2) in a more
detailed manner, with a complete list of all 37 isogeny-torsion graphs that appear over Q. Then,
in Section 4.2, we begin our classification by showing what isogeny-torsion graphs occur for elliptic
curves with complex multiplication (in particular, we show that only 10 isogeny-torsion graphs are
possible for elliptic curves with CM; see Table 5). After that, we treat linear and rectangular graphs
in Sections 5 and 6, respectively. In Section 7 we classify graphs of type T4 and in Section 8 we show
a few more intermediary results. The graphs of type T6 and T8 are classified in Sections 9 and 10.
Finally, the special graphs of type S are classified in Section 11.
Acknowledgements. The authors would like to express their gratitude to Harris Daniels, who
helped us find the rational points on the modular curve of genus 13 that appears in Section 11.3.
The authors would also like to thank Enrique González-Jiménez, Filip Najman, and Drew Sutherland
for helpful comments and suggestions on an earlier draft of this paper.
2. Preliminaries
In this section we include a number of well-known results about torsion subgroups, isogenies, and
Galois representations that we will use throughout the paper. We remark here that all of our elliptic
curves are defined over Q and all our isogenies are cyclic and Q-rational unless otherwise stated.
First, we cite Mazur’s theorem which classifies the possible torsion subgroups for an elliptic curve
over Q.
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Theorem 2.1 (Mazur [11]). Let E/Q be an elliptic curve. Then
E(Q)tors '
{
Z/MZ with 1 ≤M ≤ 10 or M = 12, or
Z/2Z⊕ Z/2MZ with 1 ≤M ≤ 4.
We will also use the following result of Kenku on the maximum number of isogenous curves over
Q in an isogeny class. The notation C(E) and Cp(E) introduced in the statement below will be used
often in our proofs. The statement below compiles a number of results shown by Kenku in [6].
Theorem 2.2 (Kenku, [6]). There are at most eight Q-isomorphism classes of elliptic curves in
each Q-isogeny class. More concretely, let E/Q be an elliptic curve, define C(E) as the number of
distinct Q-rational cyclic subgroups of E (including the identity subgroup), and let Cp(E) be the same
as C(E) but only counting Q-rational cyclic subgroups of order a power of p, for each prime p. Then,
C(E) =
∏
pCp(E) ≤ 8. Moreover, each factor Cp(E) is bounded as follows:
p 2 3 5 7 11 13 17 19 37 43 67 163 else
Cp ≤ 8 4 3 2 2 2 2 2 2 2 2 2 1.
Moreover:
(1) If Cp(E) = 2 for a prime p greater than 7, then Cq(E) = 1 for all other primes q.
(2) Suppose C7(E) = 2, then C(E) ≤ 4. Moreover, we have C3(E) = 2, or C2(E) = 2, or
C(E) = 2.
(3) C5(E) ≤ 3 and if C5(E) = 3, then C(E) = 3.
(4) If C5(E) = 2, then C(E) ≤ 4. Moreover, either C3(E) = 2, or C2(E) = 2, or C(E) = 2.
(5) C3(E) ≤ 4 and if C3(E) = 4, then C(E) = 4.
(6) If C3(E) = 3, then C(E) ≤ 6. Moreover, C2(E) = 2 or C(E) = 3.
(7) If C3(E) = 2, then C2(E) ≤ 4.
The next result we quote describes the possible isomorphism types of Gal(Q(E[p])/Q). In partic-
ular, fix a Z/pZ-basis of E[p], and let ρE,p : Gal(Q/Q)→ GL(E[p]) ∼= GL(2,Z/pZ) be the represen-
tation associated to the natural action of Galois on E[p], with respect to the chosen basis of E[p].
Then, Gal(Q(E[p])/Q) ∼= ρE,p(Gal(Q/Q)) ⊆ GL(E[p]) ∼= GL(2,Z/pZ).
Theorem 2.3 (Serre, [14]). Let E/Q be an elliptic curve. Let G be the image of ρE,p, and suppose
G 6= GL(E[p]). Then, there is a Z/pZ-basis of E[p] such that one of the following possibilities holds:
(1) G is contained in the normalizer of a split Cartan subgroup of GL(E[p]), or
(2) G is contained in the normalizer of a non-split Cartan subgroup of GL(E[p]), or
(3) The projective image of G in PGL(E[p]) is isomorphic to A4, S4 or A5, where Sn is the
symmetric group and An the alternating group (note: only S4 occurs over Q), or
(4) G is contained in a Borel subgroup of GL(E[p]).
Rouse and Zureick-Brown have classified all the possible 2-adic images of ρE,2 : Gal(Q/Q) →
GL(2,Z2) (see previous results of Dokchitser and Dokchitser [4] on the surjectivity of ρE,2 mod 2n).
Theorem 2.4 (Rouse, Zureick-Brown, [13]). Let E be an elliptic curve over Q without complex
multiplication. Then, there are exactly 1208 possibilities for the 2-adic image ρE,2∞(Gal(Q/Q)), up
to conjugacy in GL(2,Z2). Moreover, the index of ρE,2∞(Gal(Q/Q)) in GL(2,Z2) divides 64 or 96.
The Q-rational points on the modular curves X0(N) have been described completely in the liter-
ature, for all N ≥ 1. One of the most important milestones in their classification was [11], where
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Mazur dealt with the case when N is prime. The complete classification of Q-rational points on
X0(N), for any N , was completed due to work of Fricke, Kenku, Klein, Kubert, Ligozat, Mazur and
Ogg, among others (see the summary tables in [9]).
Theorem 2.5. Let N ≥ 2 be a number such that X0(N) has a non-cuspidal Q-rational point. Then:
(1) N ≤ 10, or N = 12, 13, 16, 18 or 25. In this case X0(N) is a curve of genus 0 and its
Q-rational points form an infinite 1-parameter family, or
(2) N = 11, 14, 15, 17, 19, 21, or 27. In this case X0(N) is a curve of genus 1, i.e., X0(N) is an
elliptic curve over Q, but in all cases the Mordell-Weil group X0(N)(Q) is finite, or
(3) N = 37, 43, 67 or 163. In this case X0(N) is a curve of genus ≥ 2 and (by Faltings’ theorem)
there are only finitely many Q-rational points.
3. Lemmas
In this section we show a number of elementary preliminary lemmas that will be used in the
following sections to prove the classification of isogeny-torsion graphs.
Lemma 3.1. Let p be a prime and let E/Q be an elliptic curve. Let P ∈ E be a torsion point of
order pm for some m ≥ 1. Then, there are p cyclic groups of E[pm+1] of order pm+1 containing P .
Additionally, there are p+ 1 groups of E[pm+1] of order p.
Proof. Let p be a prime, m ≥ 1, and let E/Q be an elliptic curve. Let P = Pm ∈ E be a
fixed torsion point of order pm, and let Pk = [pm−k]Pm. Let Pm+1 be a torsion point of order
pm+1 such that [p]Pm+1 = Pm, and let Qm+1 be another torsion point of order pm+1 such that
{Pm+1, Qm+1} form a Z/pm+1Z-basis of E[pm+1], and let Qm = [p]Qm+1. Then, the subgroups
Hk = 〈Pm+1 + [kpm]Qm+1〉 ⊂ E[pm+1], for k = 0, . . . , p − 1, are of order pm+1, and clearly contain
the point Pm.
First note that if Pm = [p]([a]Pm+1 + [b]Qm+1) = [a]Pm + [b]Qm, then a ≡ 1 mod pm and b ≡
0 mod pm. Thus if a′ ≡ a−1 mod pm+1, and a′bpm ≡ k mod p, then [a′]([a]Pm+1 + [b]Qm+1) ∈ Hk. It
follows that if H is cyclic of order pm+1 and Pm ∈ H, then H = Hk for some k ∈ {0, . . . , p− 1}.
Finally, suppose Hk = Hj , for some 0 ≤ k, j ≤ p − 1. Then, there is some h ≥ 1 such that
[h](Pm+1 + [kp
m]Qm+1) = Pm+1 + [jp
m]Qm+1. Since {Pm+1, Qm+1} is a Z/pm+1Z-basis, it follows
that h ≡ 1 mod pm+1 and therefore h ≡ j mod p. This implies that h = j, as desired. Hence, we have
shown that there are exactly p cyclic subgroups of order pm+1 containing P , namely H0, . . . ,Hp−1.
The last statement follows from the fact that if H ⊆ E[pm+1] is of order p, then H ⊂ E[p] ∼=
Z/pZ× Z/pZ, which has p+ 1 subgroups of order p. 
Lemma 3.2. Let E/Q be an elliptic curve, let P,Q ∈ E, and H ⊂ E.
(1) If P ∈ E(Q) with τ(Q) = P for some τ ∈ GQ = Gal(Q/Q), then Q = P .
(2) A subgroup H of order 2 is Q-rational if and only if H ⊂ E(Q).
(3) Moreover, if P ∈ E(Q)[2] is a rational point of order 2 and Q ∈ E[2] is a different point of
order 2 (not necessarily rational), then σ(Q) = Q or P +Q for all σ ∈ GQ.
Proof. Let E, P , Q, and H be as in the statement. If P ∈ E(Q) and τ ∈ GQ with τ(Q) = P , then
P = τ−1(P ) = Q, because τ−1 fixes P ∈ E(Q). Thus, P = Q as claimed in part (1). For part (2),
notice that if H = 〈P 〉 = {O, P} is Q-rational, then σ(P ) = P for all σ ∈ GQ because P is the only
point of order 2 in H. Thus, P ∈ E(Q), and H ⊂ E(Q). For (3), suppose P ∈ E(Q)[2] of order 2,
and Q is a different point of order 2. Then, E[2] = 〈P,Q〉. Now let σ ∈ G be arbitrary. Then, σ(Q)
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is another point of order 2, and therefore σ(Q) ∈ {P,Q, P + Q}. However, σ(Q) 6= P , by part (1).
Thus, σ(Q2) = Q2 or P2 +Q2, as claimed. 
Lemma 3.3. Let E/Q be an elliptic curve and suppose P ∈ E generates a Q-rational subgroup. If
Q ∈ 〈P 〉, then 〈Q〉 is also Q-rational.
Proof. Let Q ∈ 〈P 〉, where 〈P 〉 is Q-rational. Then, Q = [n]P for some n ∈ Z. Let σ ∈ GQ
be arbitrary. Since 〈P 〉 is Q-rational, there is an integer m ∈ Z such that σ(P ) = [m]P . Then,
σ(Q) = σ([n]P ) = [n]σ(P ) = [n]([m]P ) = [m]([n]P ) = [m]Q ∈ 〈Q〉, and therefore 〈Q〉 is Q-rational
as well, as claimed. 
Lemma 3.4. LetM,N ≥ 1 such thatM divides N . Let E/Q be an elliptic curve such that PM , PN ∈
E are elements of order M and N respectively and PM ∈< PN >. Suppose 〈PM 〉 is Q-rational, then
for each σ ∈ GQ there is c = c(σ) ∈ Z/NZ such that σ(PN )− [c]PN ∈ E[NM ]. If 〈PN 〉 is Q-rational,
then σ(PN )− [c]PN ∈ 〈PN 〉 ∩E[NM ] = 〈[M ]PN 〉. If PM is defined over Q, then c = 1 for all σ ∈ GQ.
Proof. For the first statement, let E/Q be an elliptic curve, N ≥ 1, and P ∈ E be a point of order N .
Suppose QN ∈ E such that {PN , QN} is a Z/NZ-basis of E[N ]. Then, given an arbitrary σ ∈ GQ,
we have that σ(PN ) ∈ E[N ], so σ(PN ) = [a]PN+[b]QN for some a, b ∈ Z/NZ. SupposeM divides N
and that PM ∈ 〈PN 〉 is an element of order M that generates a Q-rational group. After reassigning
labels for the generators of 〈PM 〉, we can assume without loss of generality that PM = [NM ]PN . Since〈PM 〉 is Q-rational, it follows that σ(PM ) = [c]PM for some c ∈ Z/MZ. Thus,
[c]PM = σ(PM ) = σ
([
N
M
]
PN
)
=
[
N
M
]
σ(PN ) =
[
N
M
]
([a]PN + [b]QN ) = [a]PM + [b]
[
N
M
]
QN
for some a, b ∈ Z/NZ, as above. For ease of notation, let us denote [NM ]QN = QM (note that
E[M ] = 〈PM , QM 〉). Thus, [c]PM = [a]PM + [b]QM and therefore [a − c]PM + [b]QM = O. Thus,
a − c ≡ b ≡ 0 modM . Let us denote a = c + c′M and b = b′M for some c′, b′ ∈ Z. Substituting
above yields
σ(PN ) = [c+ c
′M ]PN + [b′M ]QN = [c]PN + [c′][M ]PN + [b′][M ]QN .
Hence, σ(PN )− [c]PN ∈ E[N/M ] as claimed, because [M ]E[N ] = E[N/M ].
The last two statements are clear because if 〈PN 〉 is Q-rational, σ(PN ) ∈ 〈PN 〉 for all σ ∈ GQ and
if PM is defined over Q, we must have σ(PM ) = PM for all σ ∈ GQ. 
Lemma 3.5. Let E/Q be an elliptic curve and let Q ∈ E such that 〈Q〉 is a Q-rational subgroup of
E.
(1) Let φ : E → E′ be an isogeny with kernel 〈Q〉. Then, for an arbitrary P ∈ E, the point
φ(P ) ∈ E′ is defined over Q if and only if σ(P )− P ∈ 〈Q〉 for all σ ∈ GQ.
(2) Let E[2] = 〈P,Q〉. If φ : E → E′ is a Q-rational isogeny with cyclic kernel, and 〈P 〉 ⊆ ker(φ),
then φ(Q) ∈ E′(Q)[2] is rational of order 2.
(3) Finally, if φ : E → E′ is an isogeny defined over Q, then φ(E(Q)) ⊆ E′(Q), i.e., the isogeny
φ sends rational points of E to rational points of E′.
Proof. Let E/Q, Q and φ be as in (1). Then, P ∈ E is such that φ(P ) is rational if and only if,
for all σ ∈ GQ, we have φ(P ) = σ(φ(P )) = φ(σ(P )). Equivalently, φ(σ(P )− P ) = O, and therefore
σ(P )− P ∈ 〈Q〉. This shows (1).
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With notation as in (2), if 〈P 〉 ⊂ ker(φ), then 〈P 〉 is Q-rational by Lemma 3.3, and since P ∈ E[2],
we must have P is defined over the rationals by Lemma 3.2, part (2). Now, the point φ(Q) is of
order dividing 2 (because Q ∈ E[2]), but φ(Q) 6= O because Q 6∈ ker(φ) as P 6= Q and the kernel is
cyclic by assumption. Thus, φ(Q) has exact order 2, and σ(Q)−Q ∈ 〈P 〉 ⊆ ker(φ) by Lemma 3.2.
Hence, φ(Q) is defined over Q.
The last statement, part (3), follows immediately from the fact that φ is defined over Q. 
Lemma 3.6. Let E/Q be an elliptic curve with a point of order 2 defined over Q. Then, every
elliptic curve over Q that is Q-isogenous (with cyclic kernel) to E also has a point of order 2 defined
over Q.
Proof. Suppose that E/Q has a point of order 2 defined over Q. Denote it P2 and suppose E[2] =
〈P2, Q2〉 for some Q2 ∈ E[2]. Let φ : E → E′ be a Q-rational isogeny. LetK = ker(φ). If P2 ∈ ker(φ),
then by the second statement of Lemma 3.5, we have that φ(Q2) is a point of order 2 defined over
Q in E′. Otherwise, If P2 6∈ ker(φ), then by the third statement of Lemma 3.5, we have that φ(P2)
is point of order 2 defined over Q in E′. Thus, E′ has a point of order 2 defined over Q as well. 
Lemma 3.7. Let E/Q be an elliptic curve, and let P,Q ∈ E such that 〈Q〉 is a Q-rational subgroup
of 〈P 〉. Let φ : E → E′ be an isogeny with kernel 〈Q〉. If φ(P ) is defined over Q, then 〈P 〉 is
Q-rational.
Proof. Let E, P , and Q be as in the statement of the lemma. Let φ : E → E′ be an isogeny with
kernel 〈Q〉. Then, by Lemma 3.5, the point φ(P ) ∈ E′ is defined over Q if and only if we have
σ(P ) − P ∈ 〈Q〉, for all σ ∈ GQ. As 〈Q〉 ⊆ 〈P 〉, we have σ(P ) − P ∈ 〈P 〉 for all σ ∈ GQ and thus,
〈P 〉 is a Q-rational group. 
Lemma 3.8. Let E/Q be an elliptic curve and let p = 2, 3, or 5. Suppose that E has a point of order
p defined over Q. Further, suppose that the image of ρE,p is a split Cartan subgroup of GL(2,Fp).
Then, E is isogenous to an elliptic curve, E′ over Q which has a point of order p defined over Q,
which is contained in a cyclic Q-rational subgroup of order p2.
Proof. Let E/Q be an elliptic curve, let p be a prime as above, and let P ∈ E[p] be a point of
order p defined over Q. Choose a basis {P,Q} of E[p] such that the image of ρE,p is a split Cartan
subgroup
{(
1 0
0 ∗
)}
⊆ GL(2,Fp). Thus, 〈Q〉 is a Q-rational subgroup of order p that intersects
〈P 〉 trivially. Let φ : E → E′ be the isogeny with kernel 〈Q〉. Then, by the third statement of
Lemma 3.5, the point φ(P ) is of order p and defined over Q. Let P ′ ∈ E[p2] be an element such
that [p]P ′ = P . Letting N = p2 and M = p in Lemma 3.4, we have σ(P ′)− P ′ ∈ E[p] = 〈P,Q〉 for
all σ ∈ GQ. Thus, for an arbitrary σ ∈ GQ, we have σ(φ(P ′)) = φ(σ(P ′)) = φ(P ′ + [a]P + [b]Q) for
some a, b ∈ Z/pZ. But as Q is an element of the kernel of φ, we have φ(σ(P ′)) = φ(P ′ + [a]P ) =
φ(P ′ + [ap]P ′) = φ([1 + ap]P ′) = [1 + ap]φ(P ′). Thus, for all σ ∈ GQ, we have σ(φ(P ′)) ∈ 〈φ(P ′)〉.
Hence, 〈φ(P ′)〉 is a cyclic Q-rational subgroup of E′ of order p2, as desired. 
Remark 3.9. When necessary, we will use the lemma above to “reorient” our isogeny-torsion graph
to use the most convenient elliptic curve as our base point for classification.
In other words, if our graph is purely cyclic, then we will start building our graph using the elliptic
curve with the largest rational torsion subgroup and with the largest isogeny degree. If our graph
contains a bicyclic rational torsion subgroup, then we will start building our graph using the elliptic
curve with the largest bicyclic rational torsion subgroup and the largest isogeny degree.
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Lemma 3.10. Let E/Q be an elliptic curve and fix M ≥ 3. Let E[M ] = 〈P,Q〉 and suppose Q is
defined over Q. Then, there exists some σ ∈ GQ such that σ(P ) = [a]P +[b]Q for some a, b ∈ Z/MZ
with a 6≡ 1 modM .
Proof. Let E/Q be an elliptic curve, and fix M ≥ 3. Let E[M ] = 〈P,Q〉 and suppose Q is defined
over Q. Let σ ∈ GQ be arbitrary. Then, σ(P ) = [a]P + [b]Q for some a, b ∈ Z/MZ. If a = 1 for
all σ ∈ GQ, then the image of ρE,M in GL(2,Z/MZ) is of the form
{(
1 0
∗ 1
)}
and thus, the
determinant of ρE,M is constant equal to 1. This contradicts the fact that det(ρE,M ) is surjective
onto (Z/MZ)×, by the existence of the Weil pairing. 
Lemma 3.11. Let E/Q be an elliptic curve, with P ∈ E and such that 〈P 〉 is a Q-rational group
of order 2M with M ≥ 1, and the two groups of order 2M+1 that contain P are not Q-rational. Let
φ : E → E′ be an isogeny with kernel 〈P 〉. Then, E′(Q)tors is cyclic.
Proof. Let E/Q and P ∈ E be as in the statement (note that Lemma 3.1 says there are two cyclic
subgroups of E[2M+1] that contain 〈P 〉). Let φ : E → E′ be an isogeny with kernel 〈P 〉. By Mazur’s
theorem on the possible torsion subgroups of elliptic curves over Q, in order to show that E′(Q)tors
is cyclic, it suffices to show that there is a 2-torsion point on E′ that is not defined over Q. Suppose
P ′ ∈ E with [2]P ′ = P . Then, φ(P ′) ∈ E′ has order 2 but it is not rational as if it were, then by
Lemma 3.7, the subgroup 〈P ′〉 would be Q-rational, contradicting our hypothesis. Thus, E′(Q)tors
is cyclic, as claimed. 
Lemma 3.12. Let E/Q be an elliptic curve with a cyclic Q-rational subgroup of order 4. Then, E
is Q-isogenous to a curve with full two-torsion.
Proof. Let E/Q be an elliptic curve, and 〈P4〉 be a Q-rational subgroup of E of order 4. Then, the
subgroup of 〈P4〉 of order 2, namely 〈[2]P4〉, is Q-rational by Lemma 3.3 and thus, P2 = [2]P4 is
defined over Q by Lemma 3.2. Let φ : E → E′ be the isogeny with kernel 〈P2〉. Then, we claim that
E′ has full 2-torsion defined over Q, generated by φ(P4) and φ(Q2), where E[2] = 〈P2, Q2〉.
Since 〈P4〉 is Q-rational and P2 ∈ E(Q), it follows that σ(P4) − P4 ∈ 〈P4〉 ∩ E[2] = 〈P2〉 for all
σ ∈ GQ, by Lemma 3.4. The first statement of Lemma 3.5 then says that φ(P4) is defined over Q.
By the second statement of Lemma 3.5, φ(Q2) is a point of order 2 defined over Q.
Finally, φ(Q2) is not equal to φ(P4) as if it were, then φ(P4) − φ(Q2) = φ(P4 − Q2) = O so
P4−Q2 ∈ 〈P2〉 but P4−Q2 has order 4, a contradiction. This concludes the proof of the lemma. 
Lemma 3.13. Let E/Q be an elliptic curve and let P8 ∈ E(Q)[8] be a point of order 8. Then, E is
isogenous to an elliptic curve with torsion subgroup Z/2Z× Z/4Z or Z/2Z× Z/8Z.
Proof. Let E/Q be a curve with a point P8 of order 8 defined over Q. Thus, P2 = [4]P8 is defined
over Q. Suppose E[2] = 〈P2, Q2〉 for some Q2 ∈ E[2]. Let φ : E → E′ be an isogeny with kernel 〈P2〉.
Then, φ(P8) ∈ E′ is a rational point of order 4 because φ is a rational isogeny. Also, φ(Q2) ∈ E′ is
a rational point of order 2 by Lemma 3.5. Moreover, φ(Q2) is not equal to [2]φ(P8) = φ([2]P8) as if
it were, then φ([2]P8)− φ(Q2) = φ([2]P8 −Q2) = O so [2]P8 −Q2 ∈ 〈P2〉 but [2]P8 −Q2 is of order
4. So E′ has full two-torsion and a rational point of order 4, and the result follows. 
Remark 3.14. Lemmas 3.12 and 3.13 show that classifying isogeny graphs with a curve with
E(Q)tors = Z/2Z × Z/2Z, Z/2Z × Z/4Z, or Z/2Z × Z/8Z is enough to classify the isogeny graphs
with a curve with E(Q)tors = Z/4Z or Z/8Z and classifying isogeny graphs with a curve with
E(Q)tors = Z/2Z×Z/6Z is enough to classify the isogeny graphs with a curve with E(Q)tors = Z/12Z.
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Lemma 3.15. Let E/Q be an elliptic curve, let p, q be distinct primes, and let P,Q,R be non-zero
points on E, such that P and R are of p-power order, and Q is of q-power order, such that 〈P +Q〉 is
a Q-rational subgroups of E. Let φ : E → E′ be a Q-isogeny with kernel 〈P +Q〉, and let ψ : E → E′′
be a Q-isogeny with kernel 〈P 〉. Then:
(1) The point φ(R) is defined over Q if and only if ψ(R) is defined over Q.
(2) The order of φ(R) is equal to the order of ψ(R). In particular, φ(R) is nonzero of p-power
order if and only if ψ(R) is nonzero of p-power order.
Proof. Let P,Q,R be as in the statement of the lemma. Note that if 〈P+Q〉 is a Q-rational subgroup,
so is 〈P 〉 by Lemma 3.3. Also, we note that 〈P 〉 ⊆ 〈P +Q〉 is the largest subgroup of p-power order.
Moreover, φ(R) is rational if and only if σ(R)−R ∈ 〈P +Q〉 by 3.5, for all σ ∈ GQ. Since σ(R)−R
is p-power order (because both R and σ(R) are), it follows that σ(R) − R ∈ 〈P + Q〉 if and only
if σ(R) − R ∈ 〈P 〉. Hence, we conclude that φ(R) is rational if and only if ψ(R) is rational. This
proves (1).
For (2), we note that:
order(ψ(R)) = smallest positive n such that nR ∈ 〈P 〉
= smallest positive n such that nR ∈ 〈P +Q〉 = order(φ(R)),
where we have used the fact that R is of p-power order. Thus, the result follows. 
Lemma 3.16. Let E/Q be an elliptic curve and let p be an odd prime. Suppose E has a point P1 of
order p defined over Q, and suppose Cp(E) = m+ 1 > 1 such that 〈Pm〉 is a cyclic Q-rational group
of order pm containing P1. For 0 ≤ j ≤ m, let Pj ∈ 〈Pm〉 such that P0 = O and [p]Pj = Pj−1, and
let φj : E → Ej be an isogeny with kernel 〈Pj〉.
(1) If 1 ≤ j ≤ m − 1, then Ej has a rational point of order p. Further, for φm−1 : E → Em−1,
the curve Em−1 has a rational point of order p but no rational points of order p2.
(2) If j = m, the curve Em has no rational points of order p.
Proof. Let p be an odd prime and let E/Q be an elliptic curve. Suppose Cp(E) = m+1 > 1, with Cp
defined as in Theorem 2.2. Suppose 〈Pm〉 is a cyclic Q-rational subgroup of E of order pm containing
a point P1 of order p defined over Q. Note that {O}, 〈P1〉, . . . , 〈Pm〉 are the m + 1 subgroups that
are Q-rational by Lemma 3.3, and their orders are 1, . . . , pm.
For 1 ≤ j ≤ m− 1, denote [p]Pj+1 = Pj . Then, 〈Pj〉 is the unique subgroup of 〈Pm〉 of order pj .
Now let us fix j with 1 ≤ j ≤ m− 1, and let φj : E → Ej be an isogeny with kernel 〈Pj〉.
Suppose E[pj ] = 〈Pj , Qj〉 for some Qj ∈ E. By Lemma 3.4, σ(Pj+1)−Pj+1 ∈ 〈Pj〉 for all σ ∈ GQ.
By Lemma 3.5, the point φj(Pj+1) ∈ Ej(Q) is rational. Moreover, it is clear that φj(Pj+1) ∈ Ej is
a point of order p.
Now let us look at the case for φm−1 : E → Em−1, i.e., an isogeny with kernel 〈Pm−1〉. The point
φm−1(Pm) is a point of order p defined over Q by Lemma 3.4 and Lemma 3.5. Let Pm+1 ∈ E such
that [p]Pm+1 = Pm and let Q1 ∈ E be a non-rational point of order p (i.e., E[p] = 〈P1, Q1〉; recall
that P1 ∈ E(Q) and p ≥ 3, so Q1 is necessarily not rational). Then, the groups of order p2 that
contain φm−1(Pm) are
〈φm−1(Pm+1)〉, 〈φm−1(Pm+1 +Q1)〉, . . . , 〈φm−1(Pm+1 + [p− 1]Q1)〉.
Suppose φm−1(Pm+1 + [c]Q1) is defined over Q for some 0 ≤ c ≤ p− 1. Note that Pm−1 ∈ 〈Pm+1 +
[c]Q1〉. Then, by Lemma 3.7, we have that 〈Pm+1 + [c]Q1〉 is a Q-rational group of order pm+1,
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however, we showed above none of the Q-rational subgroups of E have order pm+1. Thus, no point
on Em−1 of order p2 is defined over Q, as desired.
Finally, let us look at the case of φm : E → Em, i.e., an isogeny with kernel 〈Pm〉. By Lemma 3.1,
the curve Em has p+ 1 subgroups of order p, namely,
〈φm(Q1)〉, 〈φm(Pm+1)〉, 〈φm(Pm+1 +Q1)〉, . . . , 〈φm(Pm+1 + [p− 1]Q1)〉.
Suppose first that φm(Q1) is rational. Then, by Lemma 3.5, σ(Q1)−Q1 ∈ 〈Pm〉 for all σ ∈ GQ. As
σ(Q1)−Q1 ∈ E[p] = 〈P1, Q1〉, this means that σ(Q1)−Q1 ∈ 〈Pm〉 ∩ 〈P1, Q1〉 = 〈P1〉. Thus, for each
σ ∈ GQ, we have σ(Q1) = [a]P1 + Q1 for some a = a(σ) ∈ Z/pZ. It follows from the rationality
of P1, that the image of ρE,p is of the form
{(
1 ∗
0 1
)}
. However, the determinant map has to
surject onto (Z/pZ)×. Thus, we have a contradiction as the determinant is always 1 in our case.
Finally, suppose 0 ≤ c ≤ p − 1 and assume that φm(Pm+1 + [c]Q1) is defined over Q. Note that
〈Pm+1 + [c]Q1〉 contains 〈Pm〉. Then by Lemma 3.7, the group 〈Pm+1 + cQ1〉 is Q-rational of order
pm+1, a contradiction. 
Lemma 3.17. Let E/Q be an elliptic curve with E[2] = E(Q)[2], such that C2(E) = C(E), and let
P ∈ E be a point that generates a Q-rational group of order 2n for some n ≥ 1. Then, the two cyclic
groups of order 2n+1 that contain P are either both Q-rational or they are both not Q-rational. In
particular, C2(E) is even.
Proof. Suppose E[2] = E(Q)[2] = 〈P2, Q2〉 and let P ∈ E be a point that generates a Q-rational
group of order 2n with n ≥ 1. Suppose without loss of generality that P2 ∈ 〈P 〉. Let P ′ ∈ E such that
[2]P ′ = P . From Lemma 3.1, it follows that the groups of order 2n+1 that contain P are 〈P ′〉 and
〈P ′+Q2〉. If neither 〈P ′〉 nor 〈P ′+Q2〉 are Q-rational, then we are done. Otherwise, suppose without
loss of generality, that 〈P ′〉 is Q-rational. Then, for an arbitrary σ ∈ GQ, we have σ(P ′) = [a]P ′ for
some odd a ∈ Z. Moreover, σ(P ′+Q2) = σ(P ′)+σ(Q2) = [a]P ′+Q2 = [a]P ′+[a]Q2 = [a](P ′+Q2).
Thus, σ(P ′ +Q2) ∈ 〈P ′ +Q2〉 for all σ ∈ GQ, and it follows that 〈P ′ +Q2〉 is also Q-rational. The
last statement of the lemma is clear, because we have just shown that Q-rational 2n+1-isogenies, for
n ≥ 1 come in pairs (plus there are 4 isogenous curves, including E, that are 1- or 2-isogenous to
E). 
Lemma 3.18. Let E/Q be an elliptic curve with a rational cyclic n-isogeny with n = 21 or 27.
Then, E(Q)tors ∼= {O} or Z/3Z, and both can occur.
Proof. Let E/Q be an elliptic curve with a rational cyclic n-isogeny of degree n = 21 or 27. Then,
by Table 4 of [9], we have
j(E) ∈ {−32 · 56/23, 33 · 53/2, −32 · 53 · 1013/221, −33 · 53 · 3833/27, −215 · 3 · 53},
where the first four j-invariants have a 21-isogeny and the last one has a 27-isogeny. Examples of
elliptic curves with these j-invariants and smallest conductor and E(Q)tors ∼= Z/3Z, according to
LMFDB, include:
{162.c3, 162.b4, 162.c2, 162.b1, 27.a2}.
Examples as above with trivial torsion over Q include:
{162.b3, 162.c4, 162.b2, 162.c1, 27.a1}.
A MAGMA calculation of division polynomials show that if E is the curve 27.a2, and P ∈ E[9],
then K = Q(x(P )) has degree 3, 6, or 27. Now, since j(E) 6= 0, 1728, every elliptic curve E′ with
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j = −215 · 3 · 53 is a quadratic twist of 27.a2 and if P ′ ∈ E′[9], then Q(x(P ′)) = K = Q(x(P )) by
Lemma 9.6 of [9]. Thus, no elliptic curve with j = −215 · 3 · 53 has a 9-torsion point defined over the
rationals.
Similarly, MAGMA shows that if E is one of the curves 162.c3, 162.b4, 162.c2, 162.b1, and
P ∈ E[7], then K = Q(x(P )) has degree 3, or 21. Since none of the j-invariants are 0 or 1728, it
follows that any elliptic curve with a 21-isogeny has the x-coordinate of 7-torsion points defined over
an extension of either degree 3 or 21, and therefore none has a point of order 7 defined over Q, as
we wanted to show. 
Remark 3.19. Let E/Q be an elliptic curve with a cyclic 27-isogeny defined over Q. Then, E/Q has
CM (see [9], Table 4). By [12] (see also [2], Section 4), the torsion subgroup of an elliptic curve over Q
with CM is isomorphic to one of the following groups: 0, Z/2Z, Z/3Z, Z/4Z, Z/6Z, or Z/2Z⊕Z/2Z.
In particular, Z/9Z does not occur. Note, however, that the j-invariants with a 21-isogeny are not
CM curves, so this argument cannot be applied to those curves.
Last, we show a corollary of Theorems 2.2 and 2.5.
Corollary 3.20. Let E/Q be an elliptic curve, and suppose there exists a point P ∈ E of order
n = n(P ) such that 〈P 〉 is Q-rational, and every finite Q-rational subgroup H ⊂ E is contained in
〈P 〉. Then, Cp = Cp(E) is bounded by
p 2 3 5 7 11 13 17 19 37 43 67 163 else
Cp ≤ 2 4 3 2 2 2 2 2 2 2 2 2 1.
Moreover, the order n(P ) takes one of the following values:
n = n(P ) = 2, 3, 5, 6, 7, 9, 10, 11, 13, 14, 15, 17, 18, 19, 21, 25, 27, 37, 43, 67, or 163.
Proof. Suppose E, P , and n(P ) are as in the statement. Then, E has a rational cyclic isogeny of
degree n. Theorem 2.5 now implies the bounds on Cp(E), except for C2. However, Lemma 3.12 says
that if E/Q has a rational cyclic isogeny of degree 4, E → E′, then E′/Q has full two-torsion defined
over Q. In particular, there are at least three 2-isogenous curves to E′, say E, E′′, and E′′′, such
that E → E′′ and E → E′′′ are distinct rational cyclic isogenies of degree 4. Thus, 〈P 〉 would have
two distinct subgroups of order 4, but this is impossible because it is cyclic. Hence, E cannot have
isogenies of degree 4, and C2(E) ≤ 2 as claimed. 
4. The Possible Isogeny Graphs
The isogeny graphs seem to have first appeared in the so-called Antwerp tables [1] where the
authors remark that “the tables in fact illustrate almost all the known ways in which isogenies can
occur”. In this section, we shall use Theorem 2.2 to determine the possible isogeny graphs that occur
for elliptic curves over Q and then, in the rest of the paper, we will determine what torsion subgroups
over Q can occur in each vertex of an isogeny-torsion graph.
Let E/Q be an elliptic curve. We first distinguish two cases, according to whether the following
condition is met:
3 There exists a point P ∈ E such that 〈P 〉 is Q-rational, and every finite Q-rational subgroup
H ⊂ E is contained in 〈P 〉.
Suppose first that E/Q satisfies 3, and let n = n(P ) be the order of P :
• If n = 1, then E/Q does not have any isogenous curves other than itself, and the graph is a
single vertex. Notice that in this case E(Q)tors is necessarily trivial.
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• If n = pk is a prime power, then Cor. 3.20 says that p ∈ {2, 3, 5, 7, 11, 13, 17, 19, 37, 43, 67, 163}
and k ≤ 3, where k = 3 is only possible for p = 3. In this case, the isogenies correspond
to the subgroups 〈[pj ]P 〉, for 0 ≤ j ≤ k, and therefore the graphs are linear with ≤ 4 ver-
tices. We shall refer to these graphs as linear, and denote them by Lk+1, where k + 1 is the
number of vertices in the graph. The case of k = 1 (two vertices), i.e., in the case when
C(E) = Cp(E) = 2, occurs for p ∈ {2, 3, 5, 7, 11, 13, 17, 19, 37, 43, 67, 163}:
E1 E2 = E1/〈P 〉
The case of an isogeny graph L3 with three vertices, i.e., the case of L3 when C(E) =
Cp(E) = 3 and n(P ) = p2, can only occur for p = 3 or 5, by Cor. 3.20.
E1 E2 = E1/〈[p]P 〉 E3 = E1/〈P 〉
Finally, the case of L4, a linear isogeny graph with 4 vertices, where C(E) = Cp(E) = 4, can
only occur for p = 3.
E1 E2 = E1/〈[p2]P 〉 E3 = E1/〈[p]P 〉 E4 = E1/〈P 〉
• If n = n(P ) is composite but not a prime power, then Theorem 3.20 says that n =
6, 10, 14, 15, 18, or 21. Thus, in all these cases we have Cp(E) = 2 and Cq(E) = 2 or 3,
for some distinct primes p and q. We shall call these graphs rectangular, and denote them
by Rj where j = C(E) is the number of vertices. When n = pq = 6, 10, 14, 15 or 21, then
the graph is R4, a square of the form:
E1 E2 = E1/〈[p]P 〉
E3 = E1/〈[q]P 〉 E4 = E1/〈P 〉
Finally, if n = pq2, then n = 18 with p = 2 and q = 3. In this case the graph is R6, a
rectangle of the form:
E1 E3 = E1/〈[pq]P 〉 E5 = E1/〈[p]P 〉
E2 = E1/〈[q2]P 〉 E4 = E1/〈[q]P 〉 E6 = E1/〈P 〉.
Now suppose that E/Q does not satisfy the 3 property. Then, it follows that there is an elliptic
curve E′ isogenous to E and a prime p such that E′[p] = 〈P,Q〉, and both 〈P 〉 and 〈Q〉 are Q-
rational subgroups of E′. This means that E′ has two independent rational cyclic p-isogenies and
Cp(E
′) ≥ 3, but this can only occur for p = 2, 3, or 5, by Theorem 6.2 of [9]. If C5(E′) ≥ 3, then
C5(E
′) = C(E) = 3 by Theorem 2.2, and E′ is the curve in the middle of an L3 graph, which we
have already considered. If C3(E′) ≥ 3, then C3(E′) = 3 or 4. If C3(E′) = 4, then C(E) = 4 by
Theorem 2.2, and the following lemma shows that E′ is one of the two middle curves in an L4 graph,
which has already been considered. We remark here that the result below is stated in [6] without
proof, so we include one here for completeness.
Lemma 4.1. Let E/Q be an elliptic curve, such that C3(E) = C(E) = 4, and E/Q does not satisfy
the  property. Then, there is an elliptic curve in the Q-isogeny class of E with a 27-isogeny.
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Proof. Since E/Q does not satisfy the  property, there is an elliptic curve E′ isogenous to E and
such that E′[3] = 〈P,Q〉, and both 〈P 〉 and 〈Q〉 are Q-rational subgroups of E′. If E′ has no other
rational 3-isogenies, then E′ must have a rational cyclic 9-isogeny containing one of the 3-isogenies,
and so the isogeny graph of E must be of type L4, and the elliptic curves in the corner vertices enjoy
rational 27-isogenies.
Otherwise, suppose for a contradiction that E′ has three independent 3-isogenies (and the graph
would be of type T4 as described below for the case of C2(E) = C(E) = 4). Then, there are points
P , Q, and R of order 3 such that the subgroups generated by them are Q-rational. Since 〈P,Q〉
generate E[3], they form a basis and R = [a]P + [b]Q for some integers a and b (neither of which is
0 mod 3, because R generates a third independent isogeny by assumption). Suppose σ ∈ GQ sends
σ(P ) = [α]P , σ(Q) = [β]Q and σ(R) = [γ]R. Then,
[γα]P + [γβ]Q = [γ]R = σ(R) = σ([α]P + [β]Q) = [aα]P + [bβ]Q,
thus, aγ ≡ aα mod 3 and bγ ≡ bβ mod 3. Since a and b are units mod 3, we conclude γ ≡ α ≡
β mod 3. Hence, for every σ ∈ GQ there is r = r(σ) such that σ(T ) = [r(σ)]T , for all T in E[3].
In other words, ρE,3(σ) = r(σ) · Id has a diagonal form with identical diagonal entries. But then,
the subgroup det(ρE,3(GQ)) is formed by the squares in F×3 , which does not include 2 mod 3. This
means the determinant is not surjective and that is a contradiction. 
We continue our discussion. If C3(E′) = 3, then Theorem 2.2 says that either C3(E′) = C(E′) = 3,
in which case this is an L3 graph, or C3(E′) = 3 and C2(E) = 2, in which case we are dealing with
an R6 graph, already dealt with. Hence, E′ has two independent rational cyclic 2-isogenies, in which
case, E′[2] = E′(Q)[2] is defined over Q. Thus, we shall assume our curve E/Q has all of its 2-torsion
points defined over Q, in which case C2(E) ≥ 4. Then, either C3(E) = 2 and C2(E) = 4, or Lemma
3.17 shows that C2(E) is even, and therefore either C(E) = C2(E) = 4, 6, or 8.
Let us first assume that E/Q has its full 2-torsion defined over Q and C3(E) = 1. Then, C2(E) = k
with k = 4, 6, or 8, and we shall call these graphs two-isogeny graphs, and denote them by Tk. We
let E[2] = 〈P2, Q2〉.
• If C2(E) = C(E) = 4, then the only isogenies are the 2-isogenies that come from 2-torsion
points defined over Q. Then, the graph is of type T4 as follows:
E2 = E1/〈P2〉
E1
E3 = E1/〈P2 +Q2〉 E4 = E1/〈Q2〉
• If C2(E) = C(E) = 6, then E must have an additional rational cyclic 4-isogeny, corresponding
to 〈Q4〉, with [2]Q4 = Q2. Then, 〈Q4 + P2〉 is also Q-rational by Lemma 3.17. Hence, we
have accounted for the 6 curves that are 2k-isogenous to E, and the graph is of type T6, as
follows:
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E2 = E1/〈P2〉 E5 = E1/〈Q4〉
E1 E4 = E1/〈Q2〉
E3 = E1/〈P2 +Q2〉 E6 = E1/〈Q4 + P2〉
• Suppose C2(E) = C(E) = 8. Then, either (i) E has two independent 4-isogenies, i.e., there
are Q-rational subgroups of order 4 given by 〈P4〉 and 〈Q4〉 such that E[4] = 〈P4, Q4〉, or (ii)
E has an 8-isogeny corresponding to 〈Q8〉. We shall assume the latter (the former leads to the
same graph, where E would be E/〈Q2〉 below), and call E = E1. By Lemma 3.17, 〈P2+Q8〉
is also Q-rational. Moreover, E4 = E/〈Q2〉 also has full two-torsion over Q, by Lemma 3.12.
The curves described so far already account for 8 curves that are 2k-isogenous to E1, and
therefore we have a graph of type T8, as follows, where Q4 = [2]Q8, and Q2 = [4]Q8 = [2]Q4.
E2=
E1/〈P2〉
E7=
E1/〈Q8〉
E1
E6=
E1/〈Q4〉
E3=
E1/〈P2+Q2〉
E4=
E1/〈Q2〉
E8=
E1/〈P2+Q8〉
E5=
E1/〈P2+Q4〉
Finally, we consider the case when C2(E) = 4 and C3(E) = 2, so that C(E) = 8. In this case we
have Q-rational groups 〈P 〉 and 〈Q〉 of order 2 as before, and an additional Q-rational group 〈A〉 of
order 3. This corresponds to the following type of graph, that we will denote by S-type:
E3 = E1/〈P 〉 E4 = E1/〈P +A〉
E1 E2 = E1/〈A〉
E5 = E1/〈P +Q〉 E6 = E1/〈P +Q+A〉 E7 = E1/〈Q〉 E8 = E1/〈Q+A〉
In the rest of the paper, we will determine the torsion subgroups of each of the curves in the
isogeny graphs of Lk, Rk, Tk, or S type. First, we will determine the possible isogeny-torsion graphs
for elliptic curves with CM, and then we will continue our investigation under the assumption that
E/Q does not have CM.
4.1. Tables. In this section we include tables of all the possible isogeny-torsion graphs that occur
for elliptic curves over Q. In each table we include an example of an isogeny class that realizes
14 GAREN CHILOYAN AND ÁLVARO LOZANO-ROBLEDO
said isogeny-torsion graph. The possible Lk isogeny-graphs appear in Table 1, while the Tk, Rk
and S graphs appear in Tables 2, 3, and 4, respectively. Our notation for an isogeny-torsion graph
is (G1, . . . , Gn), where n is the number of vertices, with Gi = [a] or [a, b] which represent Z/aZ
or Z/aZ × Z/bZ, respectively, and Gi ∼= Ei(Q)tors. The numbering of the curves Ei follows the
numbering of the vertices in the isogeny graphs that appear in Section 4. We remark here that graphs
are considered up to graph isomorphism so, for example, ([2, 2], [4], [2], [2]) and ([2, 2], [2], [4], [2])
represent the same type.
The rest of the article is devoted to prove that these tables are complete. Hence, we can restate
Theorem 1.2 in the following more detailed form:
Theorem 4.2. There are 37 isomorphism types of isogeny-torsion graphs that are associated to
elliptic curves defined over Q. In particular, there are 12 types of Lk graphs, 13 types of Tk graphs,
8 types of Rk graphs, and 4 types of S graphs. The possible configurations of isogeny-torsion graphs
are listed in Tables 1 thru 4.
4.2. Graphs in the CM case. In this section we quickly determine the possible isogeny-torsion
graphs attached to elliptic curves with complex multiplication. Let E/Q be an elliptic curve with
CM by an imaginary quadratic field K of discriminant dK . In [5], Table 1 of Section 7, one can
find the degrees of the isogenies for each CM j-invariant over Q, therefore determining the type of
graph. In addition, by [12] (see also [2]), the torsion subgroup of an elliptic curve over Q with CM
is isomorphic to one of the following groups: 0, Z/2Z, Z/3Z, Z/4Z, Z/6Z, or Z/2Z ⊕ Z/2Z. In
particular, it follows that the possible types of isogeny graphs for CM elliptic curves are L2, L4,
R4, or T4. In Table 5, we have broken the case of each rational j-invariant with CM into subcases
according to the torsion subgroup of the model, and the number of isogenies. Thus, after a finite
computation, the table represents the complete list of isogeny-torsion graphs that are possible for
elliptic curves with CM. In addition, we have included the LMFDB label of an example in each
category.
Thus, from now on, we shall assume that our elliptic curves do not have complex multiplication.
5. Linear graphs Lk
In this section, we analyze the possible torsion subgroups arising in linear graphs Lk. We will
often use the fact that if a prime p divides the order of E(Q)tors, then Cp(E) > 1 (indeed, a point P
of order p induces an cyclic p-isogeny E → E/〈P 〉).
L1. The graph consists of one vertex, the curve E/Q does not have any isogenous curves (other
than itself), and E(Q)tors is necessarily trivial as any torsion point P ∈ E(Q) would induce
a rational isogeny.
L2. The case of two vertices, i.e., the case when C(E) = Cp(E) = 2 and Cq(E) = 1 for all q 6= p,
occurs for p ∈ {2, 3, 5, 7, 11, 13, 17, 19, 37, 43, 67, 163}:
E1 E2 = E1/〈P 〉
Suppose first that p > 7 and Cp(E) = 2. If q divides the order of the torsion subgroup of
E1 or E2, then q = p. Now, Mazur’s theorem 2.1 shows that E1(Q)tors = E2(Q)tors must be
trivial. Hence, the isogeny-torsion graph L2 is of the form ([1], [1]).
Now let p be 3, 5, or 7, suppose Cp(E) = C(E) = 2 and such that 〈P 〉 ⊆ E(Q)tors is a Q-
rational subgroup of order p. Both E1 and E2 can have trivial torsion over Q, simultaneously,
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Graph Type Label Isomorphism Types LMFDB Label
E1 L1 ([1]) 37.a
E1 − E2 L2
([1],[1]) 75.c
([2],[2]) 46.a
([3],[1]) 44.a
([5],[1]) 38.b
([7],[1]) 26.b
E1 − E2 − E3 L3
([1],[1],[1]) 99.d
([3],[3],[1]) 19.a
([5],[5],[1]) 11.a
([9],[3],[1]) 54.b
E1 − E2 − E3 − E4 L4 ([1],[1],[1],[1]) 432.e([3],[3],[3],[1]) 27.a
Table 1. The list of all Lk rational isogeny-torsion graphs
Graph Type Label Isomorphism Types LMFDB Label
T4
([2,2], [2], [2], [2]) 120.a
([2,2], [4], [2], [2]) 33.a
([2,2], [4], [4], [2]) 17.a
T6
([2,4],[4],[4],[2,2],[2],[2]) 24.a
([2,4],[8],[4],[2,2],[2],[2]) 21.a
([2,2],[2],[2],[2,2],[2],[2]) 126.a
([2,2],[4],[2],[2,2],[2],[2]) 63.a
T8
([2,8],[8],[8],[2,4],[4],[2,2],[2],[2]) 210.e
([2,4],[4],[4],[2,4],[4],[2,2],[2],[2]) 195.a
([2,4],[4],[4],[2,4],[8],[2,2],[2],[2]) 15.a
([2,4],[8],[4],[2,4],[4],[2,2],[2],[2]) 1230.f
([2,2],[2],[2],[2,2],[2],[2,2],[2],[2]) 45.a
([2,2],[4],[2],[2,2],[2],[2,2],[2],[2]) 75.b
Table 2. The list of all Tk rational isogeny-torsion graphs
giving ([1], [1]) as its L2 type. If P ∈ E1(Q)tors, however, by Lemma 3.16, E2 = E/〈P 〉 has
no rational points of order p and thus, E2(Q)tors is trivial. Thus, the L2-type is ([p], [1]).
Finally, if C2(E) = C(E) = 2, then both isogenous curves have torsion subgroups isomor-
phic to Z/2Z, by Lemma 3.2 and Lemma 3.6.
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Graph Type Label Isomorphism Types LMFDB Label
R4
([1],[1],[1],[1]) 400.f
([2],[2],[2],[2]) 49.a
([3],[3],[1],[1]) 50.a
([5],[5],[1],[1]) 50.b
([6],[6],[2],[2]) 20.a
([10],[10],[2],[2]) 66.c
R6
([2],[2],[2],[2],[2],[2]) 98.a
([6],[6],[6],[6],[2],[2]) 14.a
Table 3. The list of all Rk rational isogeny-torsion graphs
Graph Type Label Isomorphism Types LMFDB Label
S
([2,2],[2,2],[2],[2],[2],[2],[2],[2]) 240.b
([2,2],[2,2],[4],[4],[2],[2],[2],[2]) 150.b
([2,6],[2,2],[6],[2],[6],[2],[6],[2]) 30.a
([2,6],[2,2],[12],[4],[6],[2],[6],[2]) 90.c
Table 4. The list of all (possible) S rational isogeny-torsion graphs
L3. By our work in Section 4 (see also Cor. 3.20), the case of L3, that is, C(E) = Cp(E) = 3
and n(P ) = p2, can only occur for p = 3 or 5. In such case, we have
E1 E2 = E1/〈[p]P 〉 E3 = E1/〈P 〉
Since E2 has two independent p-isogenies, for p = 3 or 5, it follows that the image of ρE,p
is contained in a split Cartan subgroup of GL(2,Fp). If E2 does not have rational p-torsion
points, then neither E1 or E3 would have rational torsion points, by Lemma 3.16 (which would
imply a rational p-torsion point on E2), and the isogeny-torsion graph type is ([1], [1], [1]).
Otherwise, if E2 has a rational p-torsion point, then Lemma 3.8 implies that either E1 or E3
have a rational point of p-torsion (and, clearly, a cyclic rational p2-isogeny). Let us assume
that E1 has a rational p-torsion point. Since E1 has a unique p-isogeny, it follows that
P1 = [p]P must be one of the p-torsion points defined over Q. By Lemma 3.16, we must
have E2(Q)tors ∼= Z/pZ and E3(Q)tors is trivial. Moreover, E1(Q)tors can be Z/3Z, Z/9Z, or
Z/5Z by Mazur’s theorem 2.1. Thus, the possible isogeny-torsion configurations in this case
are ([9], [3], [1]), ([3], [3], [1]), ([5], [5], [1]), and ([1], [1], [1]).
L4. The case of L4 can only occur for C(E) = Cp(E) = 4 and p = 3, i.e., for an elliptic curve
E1/Q with a 27-isogeny, induced by a Q-rational subgroup 〈P 〉:
E1 E2 = E1/〈[p2]P 〉 E3 = E1/〈[p]P 〉 E4 = E1/〈P 〉
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dK j Type Torsion config. LMFDB
−3
0
y2 = x3 + t3, t = −3, 1 R4 ([6], [6], [2], [2]) 36.a4
y2 = x3 + t3, t 6= −3, 1 R4 ([2], [2], [2], [2]) 144.a3
y2 = x3 + 16t3, t = −3, 1 L4 ([3], [3], [3], [1]) 27.a3
y2 = x3 + 16t3, t 6= −3, 1 L4 ([1], [1], [1], [1]) 432.e3
y2 = x3 + s2, s2 6= t3, 16t3 L2 ([3], [1]) 108.a2
y2 = x3 + s, s 6= t3, 16t3 L2 ([1], [1]) 225.c1
24 · 33 · 53 y
2 = x3 − 15t2x+ 22t3, t = 1, 3 R4 ([6], [6], [2], [2]) 36.a1
y2 = x3 − 15t2x+ 22t3, t 6= 1, 3 R4 ([2], [2], [2], [2]) 144.a1
−215 · 3 · 53 E
t, t = −3, 1 L4 ([3], [3], [3], [1]) 27.a2
Et, t 6= −3, 1 L4 ([1], [1], [1], [1]) 432.e1
−4 2
6 · 33
y2 = x3 + tx, t = −1, 4 T4 ([2, 2], [4], [4], [2]) 32.a3
y2 = x3 + tx, t = −4, 1 T4 ([2, 2], [4], [2], [2]) 64.a3
y2 = x3 ± t2x, t 6= 1, 2 T4 ([2, 2], [2], [2], [2]) 288.d3
y2 = x3 + sx, s 6= ±t2 L2 ([2], [2]) 256.b1
23 · 33 · 113
y2 = x3 − 11t2x+ 14t3, t = ±1
T4
([2, 2], [4], [4], [2]) 32.a2
y2 = x3 − 11t2x+ 14t3, t = ±2 ([2, 2], [4], [2], [2]) 64.a1
y2 = x3 − 11t2x+ 14t3, t 6= ±1,±2 ([2, 2], [2], [2], [2]) 288.d1
−7 −3
3 · 53 R4 ([2], [2], [2], [2]) 49.a2
33 · 53 · 173 R4 ([2], [2], [2], [2]) 49.a1
−8 26 · 53 L2 ([2], [2]) 256.a1
−11 −215 L2 ([1], [1]) 121.b1
−19 −215 · 33 L2 ([1], [1]) 361.a1
−43 −218 · 33 · 53 L2 ([1], [1]) 1849.b1
−67 −215 · 33 · 53 · 113 L2 ([1], [1]) 4489.b1
−163 −218 · 33 · 53 · 233 · 293 L2 ([1], [1]) 26569.a1
Table 5. The list of rational j-invariants with CM and the possible isogeny-torsion
graphs that occur, where Et denotes the curve y2 = x3 − 38880t2x+ 2950992t3.
By Table 4 of [9], we must have j = −215·3·53, and by Lemma 3.18, we have E1(Q)tors ∼= Z/3Z
or trivial. Suppose that E1 has non-trivial torsion over Q. Then, by Lemma 3.16, we have
E2(Q)tors has a point of order 3, E3(Q)tors ∼= Z/3Z, and E4(Q)tors is trivial. It remains to
show that E2(Q)tors ∼= Z/3Z. Indeed, if it was larger, then it would be Z/9Z, however [12]
shows that there is no elliptic curve with CM and torsion subgroup over Q containing Z/9Z,
and E2 is a twist of an elliptic curve with j = 0, therefore CM.
Hence, the only possibilities for the isogeny-torsion graphs that can occur over Q are
([3], [3], [3], [1]) and ([1], [1], [1], [1]).
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6. Rectangular graphs Rk
In this section we determine the possible torsion configurations in graphs of Rk-type, for k = 4
and 6.
R4. In this case C(E) = 4, with Cp(E) = 2 and Cq(E) = 2, for some distinct primes p and q. As
before, let P ∈ E be a point that generates a Q-rational group of order pq. The possibilities
for n = n(P ) = pq are 6, 10, 14, 15 or 21, and we obtain a square graph of the form
E1 E2 = E1/〈[p]P 〉
E3 = E1/〈[q]P 〉 E4 = E1/〈P 〉
If n is odd (i.e., n = 15 or 21), then by Mazur’s theorem E1 may have a point of order 3,
5, or 7 defined over Q, but none of order 15 or 21. Note, however, that Lemma 3.18 shows
that if n = 21, then E1(Q)tors ∼= Z/3Z or trivial. Thus, E1(Q)tors ∼= Z/pZ with p = 3 or 5 or
trivial.
Suppose E1(Q)tors ∼= Z/pZ with p = 3 or 5, and P is a point that generates a Q-rational
subgroup of order n = pq. Thus, [p]P is of order q, and [q]P is of order p. Lemma 3.16
shows that E3 has no points of order p over Q. Since E1 → E3 is of degree p, E3 has
rational q-torsion if and only if E1 does, therefore neither one does, and E3(Q)tors is trivial.
Similarly, E1 → E2 is of degree q, and so E2(Q)tors ∼= Z/pZ. Finally, E2 → E4 is also of
degree p, and therefore E4(Q)tors must be trivial. Thus, it follows that if n is odd, then the
possible isogeny-torsion graphs of type R4 are of the form ([1], [1], [1], [1]), ([3], [3], [1], [1]), or
([5], [5], [1], [1]).
Now suppose that n is even, so that n = 6, 10, or 14. That is, C2(E) = 2 = Cp(E) for
p = 3, 5, or 7. Since C2(E) = 2, it follows that every elliptic curve in the graph has a rational
2-torsion point, by Lemma 3.6. Note that none of the curves may have a 7-torsion point, by
Mazur’s theorem, as the curve would have a rational point of order 14. Moreover, if E1 has
a rational point of order p, with p = 3 or 5, then our arguments above with q = 2 show that
E1(Q)tors = E2(Q)tors ∼= Z/2pZ, while E3(Q)tors = E4(Q)tors ∼= Z/2Z. Thus, the possible
isogeny-torsion configurations are ([2], [2], [2], [2]), ([6], [6], [2], [2]), or ([10], [10], [2], [2]).
R6. By Section 4, we have C2(E) = 2 and C3(E) = 3, with n = 18. Let P ∈ E be a point that
generates a Q-rational group of order 18, so that we have the following isogeny graph:
E1 E3 = E1/〈[6]P 〉 E5 = E1/〈[2]P 〉
E2 = E1/〈[9]P 〉 E4 = E1/〈[3]P 〉 E6 = E1/〈P 〉.
By Lemma 3.6, all curves have a 2-torsion point defined over Q. Suppose that, in addition,
E1 has a rational 3-torsion point. Note that there cannot be a rational 9-torsion point by
Mazur’s theorem. Thus, E1(Q)tors ∼= Z/6Z. By Lemma 3.16, we also have E3(Q)tors ∼= Z/6Z
and E5(Q)tors ∼= Z/2Z. Moreover, E1 → E2 is of degree 2, therefore E2 also has a point of
order 3 defined over Q by the third statement of Lemma 3.5. Thus, E2(Q)tors ∼= Z/6Z and
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Lemma 3.16 also shows that E4(Q)tors ∼= Z/6Z and E6(Q)tors ∼= Z/2Z. Thus, there are two
possible configurations, namely ([2], [2], [2], [2], [2], [2]) or ([6], [6], [6], [6], [2], [2]).
7. Elliptic curves with full rational 2-torsion, and graph of type T4
In this section we treat the case where E = E1/Q has full 2-torsion defined over Q and C(E) =
C2(E) = 4. Then, the graph is of type T4 as follows:
E2 = E1/〈P2〉
E1
E3 = E1/〈P2 +Q2〉 E4 = E1/〈Q2〉
Let E1(Q)tors = 〈P2, Q2〉 ∼= Z/2Z× Z/2Z and suppose C(E) = 4, i.e., the only Q-rational groups
are the point-wise rational groups, 〈O〉, 〈P2〉, 〈Q2〉, and 〈P2 + Q2〉, and let E2 = E1/〈P2〉, and
E3 = E1/〈P2 + Q2〉, and E4 = E1/〈Q2〉. By Lemma 3.6, E2, E3, and E4 have a rational 2-torsion
point, namely Q2 + 〈P2〉, P2 + 〈P2 +Q2〉, and P2 + 〈Q2〉, respectively. Moreover, Lemma 3.11 says
that the torsion subgroups over Q of Ek is cyclic, for k = 2, 3, 4. Since C2(E1) = 4, we conclude
that Ek(Q)tors is isomorphic to Z/2Z or Z/4Z, for k = 2, 3, 4. We claim that not all three can be
isomorphic to Z/4Z.
Suppose for a contradiction that Ek(Q)tors ∼= Z/4Z for all k = 2, 3, 4. Let us write E1[4] = 〈P4, Q4〉
such that [2]P4 = P2 and [2]Q4 = Q2. Then, the points of E4 that are of order 4 and double to be
rational are multiples of P4+ 〈Q2〉 and P4+Q4+ 〈Q2〉. Let us assume that T = P4+ 〈Q2〉 is defined
over Q (otherwise, if P4 + Q4 + 〈Q2〉 was rational, we can change basis elements to P ′2 = P2 + Q2
and arrive to this case). By Lemma 3.5, σ(P4)− P4 ∈ 〈Q2〉, for all σ ∈ GQ.
Now, the points on E2 that double to be rational are multiples of R1 = Q4 + 〈P2〉 and R2 = P4 +
Q4+〈P2〉. Similarly, the points on E3 that double to be rational, are multiples of S1 = P4+〈P2+Q2〉
and S2 = Q4 + 〈P2 +Q2〉.
• If T and R1 are both rational, then σ(P4) = P4+[a]Q2 = P4+[2a]Q4 and σ(Q4) = Q4+[2b]P4,
for some integers a = a(σ), b = b(σ), for all σ ∈ GQ. Then, the image of ρE,4 is of the form{(
1 2b
2a 1
)}
,
where all the matrices have determinant ≡ 1 mod 4. Since the determinant of ρE,4 needs to
be surjective onto (Z/4Z)×, this case is impossible.
• If T and S1 are rational, then σ(P4) = P4 + [a]Q2 on one hand, and on the other hand
σ(P4) = P4 + [b](P2 +Q2) = [2b+ 1]P4 + [b]Q2, then we must have a, b even, and it follows
that σ(P4) = P4, and therefore P4 is rational on E1, a contradiction because E1(Q)tors ∼=
Z/2Z× Z/2Z. Similarly, R1 and S2 cannot be both rational.
• Hence, the only remaining possibility is that T , R2, and S2 are rational. In this case σ(P4) =
P4 + [2a]Q4 and σ(Q4) = Q4 + [b](P2 +Q2) = [2b+ 1]Q4 + [2b]P4. It follows that the image
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of ρE,4 is the subgroup
H =
{(
1 0
0 1
)
,
(
1 2
2 3
)}
,
of order 2 of GL(2,Z/4Z).
If E1/Q has CM, then we saw in Section 4.2 that the torsion configuration ([2, 2], [4], [4], [4])
cannot occur (see also [10] for a proof that H cannot be a mod-4 image of an elliptic curve
defined over Q with CM). If E1/Q does not have CM, then its 2-adic image ρE,2∞(GQ) must
reduce modulo 4 to H. We have used Magma (code available at [8]) to search through the
Rouse–Zureick-Brown database [13] of 2-adic images for non-CM curves (Theorem 2.4), and
no 2-adic image reduces to H modulo 4. Thus, there is no such elliptic curve that would
have a ([2, 2], [4], [4], [4]) torsion configuration in its T4-isogeny graph.
The other possible configurations, namely ([2, 2], [4], [4], [2]), ([2, 2], [4], [2], [2]), and ([2, 2], [2], [2], [2]),
all occur for CM and non-CM curves, as our tables show.
8. Intermediary Results for Curves with Torsion Z/2Z× Z/2NZ
For the following lemmas, let E/Q be an elliptic curve such that C(E) = C2(E) ≥ 4, i.e., E has
no Q-rational subgroups of prime order p > 2. Then, by Lemma 3.12, we can assume without loss
of generality, that E has full two torsion defined over Q. Thus, put E[2] = E(Q)[2] = 〈P2, Q2〉.
For each m ≥ 1, let P2m+1 , Q2m+1 ∈ E[2m+1] such that [2]P2m+1 = P2m and [2]Q2m+1 = Q2m . Note
that then E[2m] = 〈P2m , Q2m〉 for all m ≥ 1. Suppose E(Q)tors = 〈P2, Q2N 〉 ∼= Z/2ZxZ/2NZ with
N ≥ 1. In addition, we assume that E is not isogenous to an elliptic curve with a larger rational
torsion subgroup.
We remark here that since E has its full two-torsion defined over Q, every Q-isogenous curve to
E has at least one 2-torsion point defined over Q, by Lemma 3.6.
Remark 8.1. Let E/Q as above with E(Q)tors ∼= Z/2Z × Z/2NZ for some N ≥ 1. Suppose the
image of ρE,4 is a split Cartan subgroup, i.e., the mod-4 Galois image is of the form{(
∗ 0
0 ∗
)}
.
We can assume up to a change of basis of E[4], that 〈P4〉 and 〈Q4〉 are Q-rational groups of or-
der 4. (Note that this is enough to conclude that there are eight Q-rational groups, namely,
{O}, 〈P2〉, 〈Q2〉, 〈P2 + Q2〉, 〈P4〉, 〈P4 + Q2〉, 〈Q4〉, and 〈P2 + Q4〉.) Let φ : E → E′ be an isogeny
with kernel 〈P2〉.
Note that by Lemma 3.4, for each σ ∈ GQ, there is c ∈ Z/8Z such that σ(Q8)− [c]Q8 ∈ 〈P2, Q2〉.
In other words, 〈φ(Q8)〉 is a Q-rational group of order 8 as for each σ ∈ GQ, we have a, b, c ∈ Z/8Z
such that
σ(φ(Q8)) = φ(σ(Q8)) = φ([a]P2+[b]Q2+[c]Q8) = φ([4b]Q8+[c]Q8) = φ([4b+ c]Q8) = [4b+ c]φ(Q8)
Thus, 〈φ(Q8)〉 is a Q-rational group of E′ of order 8. By the fact that 〈P4〉 is Q-rational and Lemma
3.4, σ(P4) − P4 ∈ 〈P2〉 for all σ ∈ GQ and thus, by Lemma 3.5, φ(P4) is a point of order 2 defined
over Q. Moreover, φ(P4) /∈ 〈φ(Q8)〉 as if it were, then φ(P4) = φ(Q2) and thus, φ(P4) − φ(Q2) =
φ(P4 −Q2) = O, a contradiction. Note that by Lemma 3.5, φ(Q2) is a point of order 2 defined over
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Q. Thus, if E(Q)tors ∼= Z/2Z × Z/2Z, then E′(Q)tors ∼= Z/2Z × Z/2Z. If E(Q)tors ∼= Z/2Z × Z/4Z
with Q4 being a point of order 4 defined over Q, then E′ ∼= Z/2Z × Z/4Z, with φ(Q4) being the
point of order 4 defined over Q.
Thus, E(Q)tors ∼= E′(Q)tors with the main difference being that the maximum isogeny degree of
E is 4 and the maximum isogeny degree of E′ is 8. With this in mind, if C(E) = C2(E) = 6 we
will always build our isogeny-torsion graph starting with the curve with the largest bicyclic torsion
subgroup and if C(E) = 8 we will always build our isogeny-torsion graph starting with the curve
with the largest bicyclic torsion subgroup. Moreover, if two or more curves have the same largest
bicyclic torsion subgroup, start with the curve with the biggest bicyclic torsion subgroup with largest
isogeny degree.
In particular, if E has a 4-isogeny, then we shall assume that 〈Q4〉 and 〈P2 +Q4〉 are Q-rational.
Moreover, when C(E) = 8, we assume that 〈Q8〉 and 〈P2 +Q8〉 are Q-rational.
Lemma 8.2. Let E/Q as above with E(Q)tors ∼= Z/2Z × Z/2NZ and N ≥ 1, and such that E has
the largest bicyclic rational torsion subgroup in its isogeny class. Suppose 〈Q4〉 is Q-rational.
(1) If 〈Q8〉 is not Q-rational, then E/〈Q2〉(Q)tors ∼= Z/2Z× Z/2Z.
(2) If also 〈Q8〉 is Q-rational, then E/〈Q4〉(Q)tors ∼= Z/2Z× Z/2Z.
Proof. Let E and Q4 be as in the statement and suppose first that 〈Q8〉 is not Q-rational. Let
φ : E → E′ = E/〈Q2〉. Then, φ(P2) is a rational point of order 2 by Lemma 3.5. From 〈Q4〉 being
Q-rational and Lemma 3.4, it follows that σ(Q4) − Q4 ∈ 〈Q2〉 for all σ ∈ GQ. By Lemma 3.5,
φ(Q4) is a rational point of order 2. Moreover, φ(Q4) 6= φ(P2) because Q4 − P2 /∈ 〈Q2〉. It follows
that E′[2] ⊆ E′(Q)tors, and the elements of E′[2] that are defined over Q are O, φ(P2), φ(Q4), and
φ(P2 +Q4).
If E(Q)tors ∼= Z/2Z × Z/2Z, then we are done because we assumed we had no isogenous elliptic
curve with bicyclic torsion group bigger than the torsion group of the curve in our hypothesis (and
so, we must have E′(Q)tors = E′[2]). Otherwise, suppose Q4 is defined over Q, so that N ≥ 2. We
analyze if any point of E′ of order 4 is rational:
• The groups of order 4 that contain φ(P2) are 〈φ(P4)〉 and 〈φ(P4 + Q4)〉. It is clear that
φ(P4 + Q4) is defined over Q if and only if φ(P4) is. If φ(P4) is defined over Q, then by
Lemma 3.5, σ(P4) − P4 ∈ 〈Q2〉 for all σ ∈ GQ. So for an arbitrary σ ∈ GQ, σ(P4) =
P4 + [b]Q2 = P4 + [2b]Q4 for some integer b. But by Lemma 3.10, this is a contradiction.
• The groups of order 4 that contain φ(Q4) are 〈φ(Q8)〉 and 〈φ(P2+Q8)〉 and by the rationality
of φ(P2), we have that φ(P2 + Q8) is defined over Q if and only if φ(Q8) is defined over Q.
If φ(Q8) is defined over Q on E′, then by Lemma 3.7, 〈Q8〉 is a Q-rational subgroup of E
which we assumed was not true.
• The groups of order 4 that contain φ(P2 + Q4) are 〈φ(P4 + Q8)〉 and 〈φ([3]P4 + Q8)〉. By
the rationality of φ(P2), we only need to check the rationality of φ(P4 + Q8). Note that
Q2 ∈ 〈P4 + Q8〉. If φ(P4 + Q8) were defined over Q, then by Lemma 3.7, 〈P4 + Q8〉 is
Q-rational on E, but we assumed E does not have Q-rational subgroups of order 8, thus we
reached a contradiction. Hence, E′(Q)tors must be equal to E′[2]. This concludes the proof
of (1).
For (2), now suppose 〈Q8〉 is Q-rational, and let ψ : E → E′′ = E/〈Q4〉. First, let us assume
that Q4 is not defined over Q, i.e., E(Q)tors ∼= Z/2Z× Z/2Z. Thus, E/〈Q4〉(Q)tors ∼= Z/2Z× Z/2Z
so long as we prove that that the torsion subgroup of E/〈Q4〉 is bicyclic. Since 〈Q8〉 is Q-rational,
22 GAREN CHILOYAN AND ÁLVARO LOZANO-ROBLEDO
it follows from Lemma 3.4 that ψ(Q8) is a rational point of order 2 on E′′. Moreover, ψ(P2) is a
rational point of order 2 on E′′ by the third statement of Lemma 3.5. Finally, ψ(P2) is not equal to
ψ(Q8) as if it were, then Q8−P2 would be in the kernel, i.e., Q8−P2 ∈ 〈Q4〉 but Q8−P2 has order
8. Thus, E/〈Q4〉(Q)tors ∼= Z/2Z× Z/2Z.
Now suppose Q4 is defined over Q and that 〈Q8〉 and 〈P2+Q8〉 are Q-rational groups. As before,
ψ(P2), ψ(Q8), and ψ(P2 +Q8) are the points of E′′ of order 2 that are defined over Q. We analyze
if any point of E′′ of order 4 is rational:
• The groups of order 4 that contain ψ(P2) are 〈ψ(P4)〉 and 〈ψ(P4+Q8)〉 and by the rationality
of ψ(Q8), we just have to check the rationality of ψ(P4). Assume ψ(P4) is rational, then
using Lemma 3.5, we have σ(P4)− P4 ∈ 〈Q4〉 for all σ ∈ GQ. Now, by Lemma 3.4, we have
σ(P4)− P4 ∈ 〈Q2〉. But by Lemma 3.10, this is a contradiction.
• The groups of order 4 that contain ψ(Q8) are 〈ψ(Q16)〉 and 〈ψ(P2+Q16)〉. By the rationality
of ψ(P2) all we have to do is check whether or not ψ(Q16) is defined over Q. Assume it is.
Then 〈Q16〉 is a Q-rational group of E by Lemma 3.7, which is a contradiction.
• The groups of order 4 that contain ψ(P2 +Q8) are 〈ψ(P4 +Q16)〉 and 〈ψ([3]P4 +Q16)〉. By
the rationality of ψ(P2), all we have to do is check whether ψ(P4 + Q16) is defined over Q.
Assume it is. Note that [4](P4 + Q16) = Q4. Thus, 〈P4 + Q16〉 is a Q-rational group by
Lemma 3.7, which contradicts 2.2.
Thus, in all cases E/〈Q4〉(Q)tors ∼= Z/2Z× Z/2Z. This concludes the proof of (2). 
Lemma 8.3. Let E(Q)tors ∼= Z/2Z× Z/4Z or Z/2Z× Z/8Z.
(1) If 〈Q8〉 is Q-rational, then E/〈Q8〉(Q)tors and E/〈P2 +Q8〉(Q)tors are cyclic of order 2.
(2) If 〈Q8〉 is not Q-rational, then E/〈Q4〉(Q)tors and E/〈P2 +Q4〉(Q)tors are cyclic of order 2.
Proof. Let E/Q be an elliptic curve with E[4] = 〈P4, Q4〉, such that P2 = [2]P4 and Q4 are defined
over Q. Suppose first that 〈Q8〉 is Q-rational. Then, by Lemma 3.11, E/〈Q8〉(Q)tors and E/〈P2 +
Q8〉(Q)tors are cyclic. Let φ1 : E → E1 = E/〈Q8〉 and φ2 : E → E2 = E/〈P2 + Q8〉. Then, φi(P2),
for i = 1, 2 are the points of order 2 defined over Q on Ei, respectively, by the third statement of
Lemma 3.5. Let σ ∈ GQ be arbitrary. The groups of order 4 of E1 that contain φ1(P2) are 〈φ1(P4)〉
and 〈φ1(P4 + Q16)〉. If φ1(P4) were rational, then by Lemma 3.5, we have σ(P4) − P4 ∈ 〈Q8〉. By
Lemma 3.4, we have σ(P4)− P4 ∈ 〈Q2〉. But as Q4 is defined over Q, this contradicts Lemma 3.10.
If instead φ1(P4 + Q16) were defined over Q, then σ(P4 + Q16) − (P4 + Q16) ∈ 〈Q8〉. Multiplying
through by 4, we get σ(Q4)−Q4 ∈ 〈Q2〉 and because Q4 is defined over Q, we must have originally
that σ(P4 +Q16)− (P4 +Q16) ∈ 〈Q4〉. But by Lemma 3.7, we would have 〈P4 +Q16〉 is Q-rational,
which is a contradiction. Similarly, the groups of order 4 of E2 that contain φ2(P2) are 〈φ2(P4)〉 and
〈φ2(Q16)〉. If φ2(P4) were defined over Q, then by Lemma 3.5, σ(P4)− P4 ∈ 〈P2 +Q8〉. By Lemma
3.4, we have σ(P4) − P4 ∈ 〈Q2〉 but as Q4 is defined over Q, this contradicts 3.10. If φ2(Q16) were
defined over Q, then σ(Q16)−Q16 ∈ 〈P2+Q8〉. Multiplying through by 4, we get σ(Q4)−Q4 ∈ 〈Q2〉
and because Q4 is defined over Q, we must have originally, that σ(Q16)−Q16 ∈ 〈Q4〉. But this would
imply that 〈Q16〉 is Q-rational, a contradiction. Finally, we can conclude Ei(Q)tors is isomorphic to
Z/2Z, for i = 1, 2. This shows (1).
For (2), now suppose 〈Q8〉 is not Q-rational. Let φ1 : E → E1 = E/〈Q4〉 and φ2 : E → E2 =
E/〈P2 +Q4〉. Then, by Lemma 3.11, Ei(Q)tors is cyclic for i = 1, 2. The same arguments as above,
replacing the role of 〈Q16〉 by 〈Q8〉 shows that Ei(Q)tors is cyclic of order 2 for i = 1, 2, as desired. 
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Lemma 8.4. Let E(Q)tors ∼= Z/2Z× Z/4Z or Z/2Z× Z/8Z, with E[8] = 〈P8, Q8〉 (i.e, Q4 = [2]Q8
is defined over Q but Q8 may or may not be). If 〈Q8〉 is a Q-rational group, then E/〈Q2〉(Q)tors ∼=
Z/2Z× Z/4Z.
Proof. Let E/Q be an elliptic curve as in the statement. Suppose first that E(Q)tors ∼= Z/2Z×Z/8Z,
i.e., Q8 is defined over Q. Let φ : E → E′ = E/〈Q2〉. By the third statement of Lemma 3.5, the
point φ(P2) is rational of order 2. Moreover, φ(Q8) and φ(P2 +Q8) are the rational points of order
4 that generate the two distinct pointwise rational groups of order 4.
The groups of order 8 on E′ that contain φ(Q8) are 〈φ(Q16)〉 and 〈φ(P2 + Q16)〉 and by the
rationality of φ(P2), all we have to do is check the rationality of φ(Q16). Note that if E(Q)tors ∼=
Z/2Z×Z/8Z, as assumed, then there are already 8 obvious Q-rational subgroups, namely 〈[2a]P2+
[2b]Q8〉 for 0 ≤ a ≤ 1 and 0 ≤ b ≤ 3. If φ(Q16) is defined over Q, then by Lemma 3.7, the subgroup
〈Q16〉 is Q-rational, so that C(E) > 8, which contradicts Theorem 2.2.
The groups of order 8 that contain φ(P2+Q8) are 〈φ(P4+Q16)〉 and 〈φ([3]P4+Q16)〉 and by the
rationality of P2, all we have to do is check the rationality of φ(P4 +Q16). If φ(P4 +Q16) is defined
over Q, then again by Lemma 3.7, the subgroup 〈P4 + Q16〉 is Q-rational which is a contradiction.
Thus, we have E/〈Q2〉(Q)tors ∼= Z/2Z× Z/4Z.
Now let us assume that E ∼= Z/2Z×Z/4Z, i.e., Q4 is defined over Q but Q8 is not. Suppose that
〈Q8〉 is Q-rational. Thus, by Lemma 3.4, we have that σ(Q8)−Q8 ∈ 〈Q2〉 for all σ ∈ GQ. So using
the first statement in Lemma 3.5, the point φ(Q8) is rational of order 4, and φ(P2) is a rational point
of order 2. It is easy to see that φ(P2) /∈ 〈φ(Q8)〉. Thus, we have E/〈Q2〉(Q)tors ∼= Z/2Z × Z/4Z,
as desired. (Note that E/〈Q2〉(Q)tors cannot be any larger because we assumed there are no bigger
torsion subgroups over Q than E itself.) 
Lemma 8.5. Let E/Q be a rational elliptic curve with E(Q)tors ∼= Z/2Z×Z/2Z, with E[4] = 〈P4, Q4〉
and suppose 〈Q4〉 is Q-rational, with C(E) = C2(E) = 6 or 8. Further, assume that E has the largest
bicyclic torsion subgroup and isogeny degree in its class (see Remark 8.1).
(1) E/〈P2〉(Q)tors and E/〈P2 +Q2〉(Q)tors are cyclic of order 2 or 4 but not both order 4.
(2) If 〈Q8〉 is not Q-rational, then E/〈Q4〉(Q)tors and E/〈P2 + Q4〉(Q)tors are cyclic of order 2
or 4 but not both order 4.
(3) If 〈Q8〉 is Q-rational, then E/〈Q8〉(Q)tors and E/〈P2 +Q8〉(Q)tors are cyclic of order 2 or 4
but not both order 4.
Proof. Let E/Q be as in the statement. It follows that the only Q-rational subgroups are 〈[2a]P2 +
[2b]Q4〉 for 0 ≤ a ≤ 1 and 0 ≤ b ≤ 2, if C(E) = 6 and 〈[2a]P2 + [2b]Q8〉 for 0 ≤ a ≤ 1 and 0 ≤ b ≤ 3
if C(E) = 8. In particular, by Lemma 3.11, we have that E/〈P2〉(Q)tors and E/〈P2+Q2〉(Q)tors are
both cyclic. By Lemma 3.6, both have a point of order 2 or 4 defined over Q but no points of order
8 by Lemma 3.13 and by our assumption that E has the biggest bicyclic torsion subgroup. So let us
assume for a contradiction that both are of order 4. Let φ : E → E/〈P2〉 and φ′ : E → E/〈P2+Q2〉.
By the third statement of Lemma 3.5, the points φ(Q2) and φ′(Q2) are both defined over Q. The
groups of order 4 that contain φ(Q2) are 〈φ(Q4)〉 and 〈φ(P4 + Q4)〉. If φ(Q4) were defined over Q,
then by Lemma 3.5, σ(Q4)−Q4 ∈ 〈P2〉 for all σ ∈ GQ. But we already know that 〈Q4〉 is Q-rational,
so that means Q4 must be defined over Q, a contradiction. If φ(P4 +Q4) is defined over Q, then by
Lemma 3.5, we have σ(P4 +Q4)− (P4 +Q4) ∈ 〈P2〉 for all σ ∈ GQ.
The groups of order 4 that contain φ′(Q2) are 〈φ′(Q4)〉 and 〈φ′(P4)〉. If φ′(Q4) were defined over
Q, then by Lemma 3.5, we have σ(Q4)−Q4 ∈ 〈P2 +Q2〉 for all σ ∈ GQ. But we already know that
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〈Q4〉 is Q-rational, which means that Q4 must be defined over Q, a contradiction. If φ′(P4) were
defined over Q, then σ(P4)− P4 ∈ 〈P2 +Q2〉 for all σ ∈ GQ.
Thus, if both E/〈P2〉(Q)tors and E/〈P2+Q2〉(Q)tors are both cyclic of order 4, then σ(P4)−P4 ∈
〈P2 + Q2〉 and σ(P4 + Q4) − (P4 + Q4) ∈ 〈P2〉 for all σ ∈ GQ, and, recall that 〈Q4〉 is assumed to
be Q-rational. Then we have for an arbitrary σ ∈ GQ, that either σ(P4) = P4 and σ(Q4) = Q4, or
σ(P4) = [3]P4 + [2]Q4 and σ(Q4) = [3]Q4. Thus, the image of ρE,4 is of the form{(
1 0
0 1
)
,
(
3 0
2 3
)}
,
but the determinant would not be surjective onto (Z/4Z)×, and we reach a contradiction. This
proves (1).
For (2), let us suppose that 〈Q4〉 is Q-rational but not 〈Q8〉. Then E/〈Q4〉(Q)tors and E/〈P2 +
Q4〉(Q)tors are cyclic by Lemma 3.11, of order 2 or 4 by Lemma 3.6, but not 8 by Lemma 3.13 and
our assumption that E has the biggest bicyclic torsion subgroup. Let us assume for a contradiction
that both groups are of order 4. If we put φ : E → E/〈Q4〉 and φ′ : E → E/〈P2 + Q4〉, then φ(P2)
and φ′(P2) are the points of order 2, respectively by the third statement of Lemma 3.5. The groups
of order 4 that contain φ(P2) are 〈φ(P4)〉 and 〈φ(P4 + Q8)〉. The groups of order 4 that contain
φ′(P2) are 〈φ′(P4)〉 and 〈φ′(Q8)〉. A similar analysis as in part (1) leads to the image of ρE,4 being
contained in a subgroup of the form 〈(
1 0
∗ 1
)
,
(
3 0
∗ 3
)〉
but all these matrices have determinant 1 mod 4, and the determinant would not be surjective,
reaching the desired contradiction.
For (3), we suppose 〈Q8〉 is Q-rational. By Lemma 3.11, E/〈Q8〉(Q)tors and E/〈P2 +Q8〉(Q)tors
are both cyclic by Lemma 3.11, of order 2 or 4 by Lemma 3.6, but not 8 by Lemma 3.13 and our
assumption that E has the biggest bicyclic torsion subgroup. Let us assume for a contradiction that
both groups are of order 4. If we put φ : E → E/〈Q8〉 and φ′ : E → E/〈P2 + Q8〉. The elements
of order 2 are φ(P2) and φ′(P2), respectively. The groups of order 4 that contain φ(P2) are 〈φ(P4)〉
and 〈φ(P4 +Q16)〉. The groups of order 4 that contain φ′(P2) are 〈φ′(P4)〉 and 〈φ′(Q16)〉. A similar
analysis as in part (1) leads to the image of ρE,4 being contained in a subgroup of the form{(
1 0
0 1
)
,
(
1 0
2 1
)
,
(
3 0
0 3
)
,
(
3 0
2 3
)}
but all these matrices have determinant 1, so we are done. 
9. Elliptic curves with full rational 2-torsion, and graph of type T6
In this section we resume our classification of isogeny-torsion graphs, and we deal with curves
E/Q that have C(E) = C2(E) = 6, and therefore the isogeny graph is of type T6.
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E2 = E1/〈P2〉 E5 = E1/〈Q4〉
E1 E4 = E1/〈Q2〉
E3 = E1/〈P2 +Q2〉 E6 = E1/〈P2 +Q4〉
We distinguish two cases, according to whether one of E1 or E4 has torsion subgroup isomorphic to
Z/2Z× Z/4Z.
9.1. Elliptic curves with E(Q)tors ∼= Z/2Z × Z/2Z, and graph of type T6. Let E = E1/Q be
an elliptic curve with E(Q)tors ∼= Z/2Z× Z/2Z, with E[4] = 〈P4, Q4〉 such that C(E) = C2(E) = 6
and the Q-rational groups of E are are 〈O〉, 〈P2〉, 〈Q2〉, 〈P2 +Q2〉, 〈Q4〉, and 〈P2 +Q4〉. By Lemma
8.2, we have that E/〈Q2〉(Q)tors ∼= Z/2Z×Z/2Z. We proved in Lemma 8.5 that E/〈Q4〉(Q)tors and
E/〈P2 +Q4〉(Q)tors are both cyclic of order 2 or 4, but they are not both order 4 at the same time.
In addition, the same lemma also says that E/〈P2〉(Q)tors and E/〈P2 + Q2〉(Q)tors are both cyclic
of order 2 or 4, but they are not both order 4 at the same time. We shall show that only one out of
these four groups can be isomorphic to Z/4Z. For a contradiction, suppose two of them are of order
4. Note that by a change of E[4] or E[2] bases if necessary, we can assume that E/〈Q4〉(Q)tors and
E/〈P2〉(Q)tors are isomorphic to Z/4Z.
Let φ : E → E/〈P2〉 and φ′ : E → E/〈Q4〉. Then, φ(Q2) is the rational element of order 2 in
E/〈P2〉. The groups of order 4 that contain φ(Q2) are 〈φ(Q4)〉 and 〈φ(P4 + Q4)〉. If φ(Q4) were
defined over Q, then σ(Q4) − Q4 ∈ 〈P2〉 for all σ ∈ GQ, and since 〈Q4〉 is Q-rational, we also have
σ(Q4) ∈ 〈Q4〉. This would make Q4 a rational point on E, a contradiction, since we assumed that
only the 2-torsion is rational. Thus, for E/〈P2〉(Q)tors to be order 4, we must have that φ(P4 +Q4)
is defined over Q.
Similarly, φ′(P2) is the rational point of order 2 in E/〈Q4〉. The groups of order 4 that contain
φ′(P2) are 〈φ′(P4)〉 and 〈φ′(P4 +Q8)〉. If φ′(P4) was defined over Q, then σ(P4)− P4 ∈ 〈Q4〉 for all
σ ∈ GQ. By Lemma 3.4, we see that σ(P4)− P4 ∈ E[2] for all σ ∈ GQ and thus, σ(P4)− P4 ∈ 〈Q2〉.
Thus, E/〈Q2〉(Q)tors ∼= Z/2Z×Z/4Z as it has full two torsion and a point of order 4, more precisely,
Q4 + 〈Q2〉, P2 + 〈Q2〉, and P2 + Q4 + 〈Q2〉 are points of order 2 defined over Q, and P4 + 〈Q2〉 is
a point of order 4 defined over Q. This is a contradiction with Lemma 8.2. Thus, if E/〈Q4〉(Q)tors
were to have order 4, then φ′(P4 +Q8) would have to be defined over Q.
Suppose then that both φ′(P4+Q8) and φ(P4+Q4) are defined over Q. Then, by Lemma 3.5, we
have σ(P4 +Q8)− (P4 +Q8) ∈ 〈Q4〉 and σ(P4 +Q4)− (P4 +Q4) ∈ 〈P2〉 for all σ ∈ GQ. In addition
σ(Q4) = [2a+ 1]Q4 for some a = a(σ) ∈ Z, because 〈Q4〉 is Q-rational. Thus, for each σ, there are
a and b integers such that
σ(P4) + [2a+ 1]Q4 = P4 +Q4 + [b]P2
and therefore σ(P4) = [2b+ 1]P4 + [2a]Q4. Hence, the image of ρE,4 is a subgroup of order 4
G4 =
{(
2b+ 1 0
2a 2a+ 1
)
: a, b ∈ {0, 1}
}
.
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On the other hand, the condition σ(P4 +Q8) − (P4 +Q8) ∈ 〈Q4〉 implies that there is some d ∈ Z
such that
σ(Q8) = [4b]P8 + [2d+ 1]Q8,
and since σ(Q4) = [2a + 1]Q4 it follows that a ≡ d mod 2. Thus, the condition imposed on σ(Q8)
is a lift of the condition on Q4 modulo 4. Hence, the image of ρE,8 is contained in the full inverse
image of G4 in GL(2,Z/8Z), and more concretely it is a subgroup of the following group of order 32:
G8 =
{(
e 4b
f 2d+ 1
)
: e ≡ 2b+ 1 mod 4, f ≡ 2d mod 4
}
.
We have searched the Rouse–Zureick-Brown database [13] of 2-adic images for groups in GL(2,Z/8Z)
that are conjugates of a subgroup of G8 above, and found none. Thus, the image cannot be contained
in G8 and we have reached a contradiction. Hence, only one of E/〈P2〉 or E/〈Q4〉 may have Z/4Z
torsion defined over Q. Thus, the possible torsion configurations for elliptic curves in a T6 graph,
such that the E(Q)tors ∼= Z/2Z× Z/2Z are ([2, 2], [2], [2], [2, 2], [2], [2]) or ([2, 2], [4], [2], [2, 2], [2], [2]),
and examples are shown in our tables.
9.2. Elliptic curves with E(Q)tors ∼= Z/2Z×Z/4Z, and graph of type T6. Let E = E1/Q with
E(Q)tors ∼= Z/2Z × Z/4Z and C(E) = C2(E) = 6. Thus, we have six Q-rational groups, namely
〈O〉, 〈P2〉, 〈Q2〉, 〈P2 +Q2〉, 〈Q4〉, and 〈P2 +Q4〉.
By Lemma 8.2, we have that E/〈Q2〉(Q)tors ∼= Z/2Z × Z/2Z and by Lemma 8.3, we have
E/〈Q4〉(Q)tors ∼= E/〈P2 +Q4〉(Q)tors ∼= Z/2Z. Thus, it remains to determine the torsion subgroups
of E/〈P2〉(Q) and E/〈P2 + Q2〉. We shall show that they are both either Z/4Z or Z/8Z, but they
are not both Z/8Z simultaneously.
The torsion subgroups E/〈P2〉(Q)tors and E/〈P2 + Q2〉(Q)tors are both cyclic by Lemma 3.11.
Let φ : E → E/〈P2〉 and φ′ : E → E/〈P2 + Q2〉. Then, the points φ(Q4) and φ′(Q4) are of order
4 defined over Q, respectively, by the third statement in Lemma 3.5. The groups of order 8 that
contain φ(Q4) are 〈φ(Q8)〉 and 〈φ(P4+Q8)〉. The groups of order 8 that contain φ′(Q4) are 〈φ′(Q8)〉
and 〈φ′(P4 + Q8)〉. If both φ(Q8) and φ′(Q8) are defined over Q, then σ(Q8) − Q8 ∈ 〈P2〉 and
σ(Q8) − Q8 ∈ 〈P2 + Q2〉 for all σ ∈ GQ. This forces Q8 to be defined over Q, a contradiction.
Similarly, if both φ(P4+Q8) and φ′(P4+Q8) are defined over Q, then σ(P4+Q8)− (P4+Q8) ∈ 〈P2〉
and σ(P4 +Q8)− (P4 +Q8) ∈ 〈P2 +Q2〉 for all σ ∈ GQ. This would mean P4 +Q8 is defined over
Q, a contradiction.
So suppose φ(Q8) and φ′(P4+Q8) are defined over Q (note that if we change basis of E[2], replacing
P2 by P2+Q2, then this case also takes care of the case of φ(P4+Q8) and φ′(Q8) being defined over
Q). Thus for all σ ∈ GQ, we have σ(Q8)−Q8 ∈ 〈P2〉 and σ(P4+Q8)− (P4+Q8) ∈ 〈P2+Q2〉. Thus,
for each sigma, there are integers a = a(σ) and b = b(σ) such that σ(P4+Q8) = P4+Q8+[a](P2+Q2)
and σ(Q8) = Q8 + [b]P2. In particular, σ(P4) = [2a− 2b+ 1]P4 + [2a]Q4. Hence, the image of ρE,8
is contained in the full inverse image of G4 in GL(2,Z/8Z)
G4 =
{(
2(a− b) + 1 0
2a 1
)
: a, b ∈ {0, 1}
}
,
and more concretely it is a subgroup of the following group of order 16:
G8 =
{(
2(a− b) + 1 4b
2a 1
)
: a, b ∈ Z/8Z
}
⊆ GL(2,Z/8Z).
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We have searched the Rouse–Zureick-Brown database [13] of 2-adic images for groups in GL(2,Z/8Z)
that are conjugates of a subgroup of G8 above, and found none. Thus, the image cannot be contained
in G8 and we have reached a contradiction. Hence, only one of E/〈P2〉 or E/〈P2+Q2〉may have Z/8Z
torsion defined over Q. Thus, the possible torsion configurations for elliptic curves in a T6 graph,
such that the E(Q)tors ∼= Z/2Z× Z/4Z are ([2, 4], [4], [4], [2, 2], [2], [2]) or ([2, 4], [8], [4], [2, 2], [2], [2]),
and examples are shown in our tables.
10. Elliptic curves with full rational 2-torsion, and graph of type T8
Let E = E/Q be an elliptic curve with C(E) = C2(E) = 8. As we saw in Section 4, the non-
trivial Q-rational subgroups are 〈P2〉, 〈P2 +Q2〉, 〈Q2〉, 〈P2 +Q4〉, 〈Q4〉, 〈Q8〉, and 〈P2 +Q8〉. The
corresponding isogeny graph is as follows:
E/〈P2〉 E/〈Q8〉
E E/〈Q4〉
E/〈P2 +Q2〉 E/〈Q2〉 E/〈P2 +Q8〉
E/〈P2 +Q4〉
We will consider cases according to the isomorphism type of E(Q)tors.
10.1. Elliptic curves with Z/2Z×Z/8Z rational torsion, and graph of type T8. Let E/Q be
an elliptic curve with E(Q)tors = 〈P2, Q8〉 ∼= Z/2Z×Z/8Z, and C(E) = C2(E) = 8. Then, we claim
that the isogeny-torsion graph is of the form ([2, 8], [8], [8], [2, 4], [4], [2, 2], [2], [2]).
Indeed, Lemma 8.4 shows that E/〈Q2〉(Q)tors ∼= Z/2Z×Z/4Z, Lemma 8.2 shows the isomorphism
E/〈Q4〉(Q)tors ∼= Z/2Z× Z/2Z, and Lemma 8.3 shows that E/〈Q8〉(Q)tors ∼= E/〈P2 +Q8〉(Q)tors ∼=
Z/2Z.
The torsion groups E/〈P2〉(Q)tors and E/〈P2 +Q2〉(Q)tors are cyclic by Lemma 3.11. For R ∈ E
that generates a Galois invariant subgroup, let φR : E → E/〈R〉 be the corresponding isogeny. Then,
by the third statement in Lemma 3.5, the points φP2(Q8) and φP2+Q2(Q8) are of order 8 defined over
Q. Thus, E/〈P2〉(Q)tors ∼= E/〈P2 +Q2〉(Q)tors ∼= Z/8Z.
It remains to determine E/〈P2+Q4〉(Q)tors. Again, by Lemma 3.11, E/〈P2+Q4〉(Q)tors is cyclic.
Let φ = φP2+Q4 . Then, φ(Q8) is a point of order 4 defined over Q by the third statement in Lemma
3.5. The groups of order 8 that contain φ(Q8) are 〈φ(Q16)〉 and 〈φ(P4 + Q16)〉. Assume φ(Q16) is
defined over Q. Then by Lemma 3.5, σ(Q16)−Q16 ∈ 〈P2 +Q4〉 for all σ ∈ GQ. By Lemma 3.4, we
have σ(Q16)−Q16 ∈ E[2]∩ 〈P2+Q4〉 = 〈Q2〉 for all σ ∈ GQ but then that makes 〈Q16〉 a Q-rational
group, which contradicts the fact that C2(E) = 8 and 〈Q16〉 was not one of the Q-rational subgroups.
If φ(P4+Q16) was defined over Q, then by Lemma 3.5, σ(P4+Q16)− (P4+Q16) ∈ 〈P2+Q4〉 for all
σ ∈ GQ. Multiplying through by 2, we have σ(P2 +Q8)− (P2 +Q8) ∈ 〈Q2〉 for all σ ∈ GQ. Noting
that P2 + Q8 is defined over Q, we must have originally that σ(P4 + Q16) − (P4 + Q16) ∈ 〈Q2〉 for
all σ ∈ GQ. Since Q2 ∈ 〈P4 +Q16〉, it follows that 〈P4 +Q16〉 would be Q-rational, a contradiction.
Thus, E/〈P2 +Q4〉(Q)tors ∼= Z/4Z.
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Hence, we have determined the torsion subgroups at every vertex and the isogeny-torsion graph
is of type ([2, 8], [8], [8], [2, 4], [4], [2, 2], [2], [2]), as claimed.
10.2. Elliptic curves with Z/2Z×Z/4Z rational torsion, and graph of type T8. Let E/Q be
an elliptic curve with E(Q)tors = 〈P2, Q4〉 ∼= Z/2Z× Z/4Z, and C(E) = C2(E) = 8. Thus, we have
8 Q-rational groups, namely, 〈O〉, 〈P2〉, 〈Q2〉, 〈P2+Q2〉, 〈Q4〉, 〈P2+Q4〉, 〈Q8〉, and 〈P2+Q8〉. Then,
we claim that the isogeny-torsion graph is of the form ([2, 4], [4], [4], [2, 4], [4], [2, 2], [2], [2]), or one of
([2, 4], [4], [4], [2, 4], [8], [2, 2], [2], [2]) or ([2, 4], [8], [4], [2, 4], [4], [2, 2], [2], [2]).
As in the previous case, Lemma 8.4 shows that E/〈Q2〉(Q)tors ∼= Z/2Z × Z/4Z, Lemma 8.2
shows the isomorphism E/〈Q4〉(Q)tors ∼= Z/2Z×Z/2Z, and Lemma 8.3 shows that E/〈Q8〉(Q)tors ∼=
E/〈P2+Q8〉(Q)tors ∼= Z/2Z. It remains to compute E/〈P2〉(Q)tors, E/〈P2+Q2〉(Q)tors, and E/〈P2+
Q4〉(Q)tors, which are all cyclic by Lemma 3.11. We will show they each of these three groups are
isomorphic to Z/4Z or Z/8Z but at most one is isomorphic to Z/8Z.
By Lemma 3.4, σ(Q8) − Q8 ∈ 〈Q2〉 for all σ ∈ GQ. Thus, φP2+Q4(Q8) is a point of order 4
defined over Q by Lemma 3.5. The groups of order 8 that contain φP2+Q4(Q8) are 〈φP2+Q4(Q16)〉
and 〈φP2+Q4(P4+Q16)〉. So E/〈P2+Q4〉(Q)tors ∼= Z/4Z or Z/8Z depending on whether φP2+Q4(Q16)
or φP2+Q4(P4 +Q16) is defined over Q.
Let A be P2 or P2 +Q2. The point φA(Q4) is of order 4 defined over Q by the third statement in
Lemma 3.5. The groups of order 8 that contain φA(Q4) are 〈φA(Q8)〉 and 〈φA(P4+Q8)〉. Note that if
φA(Q8) is defined over Q, then σ(Q8)−Q8 ∈ 〈A〉 for all σ ∈ GQ by Lemma 3.5. As σ(Q8)−Q8 ∈ 〈Q2〉
for all σ ∈ GQ, φA(Q8) is defined over Q if and only if Q8 is defined over Q, which is not the case.
Thus, E/〈P2〉(Q)tors ∼= Z/8Z or Z/4Z depending on whether or not φP2(P4 +Q8) is defined over Q
and E/〈P2 +Q2〉(Q)tors ∼= Z/8Z depending on whether or not φP2+Q2(P4 +Q8) is defined over Q.
Let us assume there are two isogenous curves that have torsion subgroups isomorphic to Z/8Z.
Assume E/〈P2〉(Q)tors and E/〈P2 + Q2〉(Q)tors are both isomorphic to Z/8Z. Thus, φP2(P4 + Q8)
and φP2+Q2(P4 + Q8) are both defined over Q. Then, σ(P4 + Q8) − (P4 + Q8) ∈ 〈P2〉 and σ(P4 +
Q8)− (P4 +Q8) ∈ 〈P2 +Q2〉 for all σ ∈ GQ by Lemma 3.5. This would force P4 +Q8 to be defined
over Q, a contradiction.
Now let us see what happens when E/〈P2〉(Q)tors and E/〈P2+Q4〉(Q)tors are isomorphic to Z/8Z
(interchanging between the two bases, 〈P2, Q2〉 and 〈P2+Q2, Q2〉 of E[2] shows that eliminating the
case of E/〈P2〉(Q)tors ∼= E/〈P2+Q4〉(Q)tors ∼= Z/8Z also eliminates the case of E/〈P2+Q2〉(Q)tors ∼=
E/〈P2+Q4〉(Q)tors ∼= Z/8Z). Either φP2+Q4(Q16) and φP2(P4+Q8) are defined overQ or φP2+Q4(P4+
Q16) and φP2(P4+Q8) are defined over Q. Let us assume the first case (interchanging again between
the two bases, 〈P16, P4+Q16〉 and 〈P16, Q16〉 of E[16] shows that eliminating the case of φP2(P4+Q8)
and φP2+Q4(Q16) being defined over Q also eliminates the case of φP2(P4+Q8) and φP2+Q4(P4+Q16)
being defined over Q). So for all σ ∈ GQ, there are integers a = a(σ) and b = b(σ) such that
σ(Q16) = Q16 + [a](P2 +Q4) = [8a]P16 + [1 + 4a]Q16
and
σ(P4) = P4 +Q8 + [b]P2 − σ(Q8) = [1 + 2b]P4 − [2a]Q4.
Thus, the image of ρE,16 is contained in the following group of order 128:
G16 =
{(
c 8a
d 1 + 4a
)
: c ≡ 1 mod 2, d ≡ −2a ≡ 2a mod 4
}
⊆ GL(2,Z/16Z).
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We searched the Rouse–Zureick-Brown database [13] of 2-adic images for groups in GL(2,Z/16Z)
that are conjugates of a subgroup ofG16 above, and found none. Thus, the image cannot be contained
in G16 and we have reached a contradiction. Hence, only one of E/〈P2〉, E/〈P2+Q2〉, or E/〈P2+Q4〉
may have Z/8Z torsion defined over Q. Thus, the possible torsion configurations for elliptic curves
in a T8 graph, such that the E(Q)tors ∼= Z/2Z × Z/4Z are ([2, 4], [4], [4], [2, 4], [4], [2, 2], [2], [2]), or
one of ([2, 4], [4], [4], [2, 4], [8], [2, 2], [2], [2]) or ([2, 4], [8], [4], [2, 4], [4], [2, 2], [2], [2]), and examples are
shown in our tables.
10.3. Elliptic curves with Z/2Z × Z/2Z rational torsion and graph of type T8. Let E/Q
be an elliptic curve with E(Q)tors = 〈P2, Q2〉 ∼= Z/2Z × Z/2Z and C(E) = C2(E) = 8. Thus,
we have 8 Q-rational groups, namely, 〈O〉, 〈P2〉, 〈P2 + Q2〉, 〈Q2〉, 〈Q4〉, 〈P2 + Q4〉, 〈Q8〉, and 〈P2 +
Q8〉. We claim that the isogeny-torsion graph is of the form ([2, 2], [2], [2], [2, 2], [2], [2, 2], [2], [2]) or
([2, 2], [4], [2], [2, 2], [2], [2, 2], [2], [2]).
Note that E/〈Q2〉(Q)tors ∼= Z/2Z × Z/2Z. This is because φQ2(P2) is a point of order 2 defined
over Q by the third statement of Lemma 3.5 and because 〈Q4〉 is Q-rational, φQ2(Q4) is another point
of order 2 defined over Q by the first statement of Lemma 3.5. Thus, E/〈Q2〉 has full two-torsion.
If E/〈Q2〉(Q)tors ∼= Z/2Z×Z/4Z (or Z/2Z×Z/8Z), then we are reduced to cases of T8 graphs that
we have already covered above, so we shall assume here that E/〈Q2〉(Q)tors ∼= Z/2Z× Z/2Z.
By Lemma 3.11, E/〈P2 +Q4〉(Q)tors is cyclic. The element of order two φP2+Q4(P2) is contained
in the groups of order 4 given by 〈φP2+Q4(P4)〉 and 〈φP2+Q4(Q8)〉. If φP2+Q4(P4) is defined over Q,
then σ(P4) − P4 ∈ 〈P2 + Q4〉 for all σ ∈ GQ, and by Lemma 3.4, σ(P4) − P4 ∈ 〈Q2〉. But then
φQ2(P4) would be a point of order 4 defined over Q and φQ2(Q4) is a point of order 2 defined over
Q not lying in 〈φQ2(P4)〉. Thus, E/〈Q2〉(Q)tors ∼= Z/2Z × Z/4Z (or Z/2Z × Z/8Z), contradicting
the fact we have assumed above that E/〈Q2〉(Q)tors ∼= Z/2Z×Z/2Z. Now if we assume φP2+Q4(Q8)
is defined over Q, then σ(Q8) − Q8 ∈ 〈P2 + Q4〉 for all σ ∈ GQ. As 〈Q8〉 is Q-rational, this forces
σ(Q8) − Q8 ∈ 〈Q2〉 for all σ ∈ GQ. Multiplying through by 2 shows that σ(Q4) − Q4 = O for all
σ ∈ GQ, making Q4 defined over Q, a contradiction. Thus, E/〈P2 +Q4〉(Q)tors ∼= Z/2Z.
By Lemma 8.2, E/〈Q4〉(Q)tors ∼= Z/2Z × Z/2Z. By Lemma 8.5, E/〈P2〉(Q)tors and E/〈P2 +
Q2〉(Q)tors are cyclic of order 2 or 4 but not both order 4 and E/〈Q8〉(Q)tors and E/〈P2+Q8〉(Q)tors
are cyclic of order 2 or 4 but not both order 4. We claim that there is at most one curves with
torsion subgroup Z/4Z. If we assume that there are two curves with torsion subgroup Z/4Z, then
either one of E/〈P2〉(Q)tors or E/〈P2 +Q2〉(Q)tors is isomorphic to Z/4Z and one of E/〈Q8〉(Q)tors
or E/〈P2 +Q8〉(Q)tors is isomorphic to Z/4Z. Interchanging between the bases 〈P2, Q2〉 and 〈P2 +
Q2, Q2〉 of E[2] shows that switching between E/〈P2〉 and E/〈P2+Q2〉 is inconsequential. Similarly,
interchanging between the bases 〈P8, Q8〉 and 〈P8, P2 + Q8〉 of E[8] shows that switching between
E/〈Q8〉 and E/〈P2 +Q8〉 is inconsequential.
Let us assume E/〈P2〉(Q)tors ∼= E/〈Q8〉(Q)tors ∼= Z/4Z. Note that the element of order 2 of E/〈P2〉
is φP2(Q2), which is contained in the groups of order 4 given by 〈φP2(Q4)〉 and 〈φP2(P4+Q4)〉. If we
assume φP2(Q4) is defined over Q, then σ(Q4)−Q4 ∈ 〈P2〉. As 〈Q4〉 is Q-rational, σ(Q4)−Q4 ∈ 〈Q2〉,
forcing Q4 to be defined over Q, a contradiction. Thus, only φP2(P4+Q4) has the possibility of being
defined over Q. The element of order 2 of E/〈Q8〉 is φQ8(P2), which is contained in the groups of
order 4 given by 〈φQ8(P4)〉 and 〈φQ8(P4 +Q16)〉. If we assume that φQ8(P4) is defined over Q, then
σ(P4) − P4 ∈ 〈Q8〉 for all σ ∈ GQ. By Lemma 3.4, σ(P4) − P4 ∈ 〈Q2〉 for all σ ∈ GQ. By the first
and third statements of Lemma 3.5, φQ2(P4) is an element of order 4 defined over Q and φQ2(Q4) is
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an element of order 2 defined over Q, not in 〈φQ2(P4)〉 which makes E/〈Q2〉(Q)tors ∼= Z/2Z× Z/4Z
(or Z/2Z× Z/8Z), a contradiction.
Let us then assume that both φP2(P4 + Q4) and φQ8(P4 + Q16) are defined over Q. So for all
σ ∈ GQ, there are integers a = a(σ) and b = b(σ) such that
σ(P4 +Q4) = P4 +Q4 + [a](P2) = [1 + 2a]P4 +Q4,
and
σ(P4 +Q16) = P4 +Q16 + [b]Q8 = P4 + [1 + 2b]Q16.
It follows that σ(Q16) = [−40a]P16+[1+10b]Q16 and σ(P4) = [1+2a]P4− [10b]Q4. Thus, the image
of ρE,16 is contained in the following group of order 256:
G16 =
{(
c −40a
d 1 + 10b
)
: c ≡ 1 + 2a mod 4, d ≡ −10b mod 4
}
⊆ GL(2,Z/16Z).
We searched the Rouse–Zureick-Brown database [13] of 2-adic images for groups in GL(2,Z/16Z)
that are conjugates of a subgroup ofG16 above, and found none. Thus, the image cannot be contained
in G16 and we have reached a contradiction. Hence, only one of E/〈P2〉(Q)tors or E/〈Q8〉(Q)tors may
be isomorphic to Z/4Z. Therefore, the possible isogeny-torsion graphs are either one of the following
forms: ([2, 2], [2], [2], [2, 2], [2], [2, 2], [2], [2]) or ([2, 2], [4], [2], [2, 2], [2], [2, 2], [2], [2]), as claimed.
11. Elliptic curves with a graph of type S
In this section we consider elliptic curves with C2(E) = 4 and C3(E) = 2, so that C(E) = 8. In
this case, the 2-torsion is defined over the rationals, E(Q)[2] = 〈P2, Q2〉, and there is an additional
Q-rational group 〈A3〉 of order 3. Then, the Q-rational groups of E are 〈O〉, 〈P2〉, 〈Q2〉, 〈P2 +
Q2〉, 〈A3〉, 〈P2 +A3〉, 〈Q2 +A3〉, and 〈P2 +Q2 +A3〉. The isogeny graph is therefore:
E/〈P2 +Q2〉 E/〈P2 +Q2 +A3〉
E E/〈A3〉
E/〈P2〉 E/〈P2 +A3〉 E/〈Q2〉 E/〈Q2 +A3〉
We will distinguish two cases, according to whether there is a rational point of order 3. We remind
the reader here that since E has its full two-torsion defined over Q, every Q-isogenous curve to E
has at least one 2-torsion point defined over Q, by Lemma 3.6.
11.1. Elliptic curves with Z/2Z×Z/6Z rational torsion, and graph of type S. Let E = E1/Q
with E(Q)tors = 〈P2, Q2, A3〉 ∼= Z/2Z× Z/6Z where E(Q)[2] = 〈P2, Q2〉 and A3 ∈ E(Q)[3].
Let φA3 : E → E/〈A3〉 be the isogeny with kernel 〈A3〉. By Lemma 3.16, E/〈A3〉 has no points of
order 3 defined over Q and by the third statement of Lemma 3.5, the points φA3(P2) and φA3(Q2)
are distinct of order 2 defined over Q, hence E/〈A3〉(Q)tors ∼= Z/2Z× Z/2Z.
Let φP2 : E → E/〈P2〉 be the isogeny with kernel 〈P2〉. By Lemma 3.11, E/〈P2〉(Q)tors is cyclic.
By the third statement of Lemma 3.5, we have that φP2(Q2) and φP2(A3) are points of order 2 and
3 respectively defined over Q. Thus, E/〈P2〉(Q)tors ∼= Z/6Z or Z/12Z.
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Let φP2+A3 : E → E/〈P2 + A3〉. Then, φP2(P4) is a point of order 2 not defined over Q, so by
Lemma 3.15, the point φP2+A3(P4) is of order 2 not defined over Q. Thus, E/〈P2 + A3〉(Q)tors is
cyclic. E/〈A3〉 has no points of order 3 defined over Q, so by Lemma 3.15, E/〈P2 + A3〉 has no
points of order 3 defined over Q. Thus, E/〈P2 + A3〉(Q)tors ∼= Z/2Z or Z/4Z. A final application
of Lemma 3.15 shows that E/〈P2〉(Q)tors ∼= Z/12Z if and only if E/〈P2 + A3〉(Q)tors ∼= Z/4Z and
E/〈P2〉(Q)tors ∼= Z/6Z if and only if E/〈P2 +A3〉(Q)tors ∼= Z/2Z.
We can use the work we did above to arrive at identical results when rewriting Q2 or P2 + Q2
in place of P2. More specifically, E/〈Q2〉(Q)tors ∼= Z/12Z if and only if E/〈Q2 + A3〉 ∼= Z/4Z and
E/〈Q2〉(Q)tors ∼= Z/6Z if and only if E/〈Q2 + A3〉 ∼= Z/2Z. And finally, E/〈P2 + Q2〉(Q)tors ∼=
Z/12Z if and only if E/〈P2 + Q2 + A3〉 ∼= Z/4Z and E/〈P2 + Q2〉(Q)tors ∼= Z/6Z if and only if
E/〈P2 +Q2 +A3〉 ∼= Z/2Z.
Hence, we have shown that if E(Q)tors ∼= Z/2Z × Z/6Z, then E/〈A3〉(Q))tors ∼= Z/2Z × Z/2Z,
and the rest of the vertices come in pairs, and the torsion groups in each pair are either ([12], [4]) or
([6], [2]). Suppose that the torsion subgroups in all three pairs were of the form ([12], [4]). Then, if
we consider E′ = E/〈A3〉, it follows that the 2-power isogenies of E′ form a T4 graph with Z/4Z at
each corner. However, we showed in Section 7 that this is impossible. Thus, at most two pairs of
elliptic curves at the corners of the isogeny-torsion graph of E may have torsion subgroups ([12], [4]).
We have found examples of isogeny-torsion graphs of the form ([2, 6], [2, 2], [6], [2], [6], [2], [6], [2])
and ([2, 6], [2, 2], [12], [4], [6], [2], [6], [2]), that is, with one or two Z/12Z torsion subgroups. In Section
11.3 we will show that ([2, 6], [2, 2], [12], [4], [12], [4], [6], [2]), with two copies of Z/12Z in the graph,
is impossible over Q.
11.2. Elliptic curves with Z/2Z×Z/2Z rational torsion, and graph of type S. Let E = E1/Q
with E(Q)tors = 〈P2, Q2〉 ∼= Z/2Z × Z/2Z. Let A3 be an element of E of order 3 that generates a
Q-rational subgroup of E but is not defined over Q. Then, again, the Q-rational groups of E are
〈O〉, 〈P2〉, 〈Q2〉, 〈P2 + Q2〉, 〈A3〉, 〈P2 + A3〉, 〈Q2 + A3〉, and 〈P2 + Q2 + A3〉. As E does not have a
point of order 3 defined over Q, neither do E/〈P2〉, E/〈Q2〉, or E/〈P2 +Q2〉 by Lemma 3.5. If any
one of E/〈A3〉, E/〈P2+A3〉, E/〈Q2+A3〉, or E/〈P2+Q2+A3〉 has a point of order 3 defined over Q,
then E/〈A3〉(Q)tors ∼= Z/2Z × Z/6Z by Lemma 3.5 and we are back to the case already considered
in Section 11.1. Thus, we may assume that none of the isogenous curves have an element of order 3
defined over Q.
All of the work we did for graphs for elliptic curves with Z/2Z× Z/6Z rational torsion apply for
this case, except no torsion subgroup has a point of order 3. In other words, the torsion subgroups are
of order 2 or 4. Thus, E/〈A3〉(Q)tors ∼= Z/2Z× Z/2Z, E/〈P2〉(Q)tors ∼= E/〈P2 +A3〉(Q)tors ∼= Z/4Z
or Z/2Z, and E/〈Q2〉(Q)tors ∼= E/〈Q2 + A3〉(Q)tors ∼= Z/4Z or Z/2Z, and E/〈P2 + Q2〉(Q)tors ∼=
E/〈P2 +Q2 + A3〉(Q)tors ∼= Z/4Z or Z/2Z. Thus, as in the previous case in Section 11.1, there are
three pairs that have torsion ([4], [4]) or ([2], [2]). Using the same reasoning as before (using our work
from the T4 graphs in Section 7), it is impossible for all three pairs to be of the form ([4], [4]).
We have found examples of isogeny-torsion graphs of the form ([2, 2], [2, 2], [2], [2], [2], [2], [2], [2])
and ([2, 2], [2, 2], [4], [4], [2], [2], [2], [2]), that is, with either none or one pair having torsion ([4], [4]).
In Section 11.3 we will show that ([2, 2], [2, 2], [4], [4], [4], [4], [2], [2]), that is, with two pairs having
torsion ([4], [4]), is impossible over Q.
11.3. Two S-type graphs that do not exist over Q. In order to complete the classification
of S-type isogeny-torsion graphs, it remains to show that ([2, 2], [2, 2], [4], [4], [4], [4], [2], [2]) and
([2, 6], [2, 2], [12], [4], [12], [4], [6], [2]) do not occur over Q.
32 GAREN CHILOYAN AND ÁLVARO LOZANO-ROBLEDO
Let E/Q be an elliptic curve with C(E) = 8, such that C2(E) = 4 and C3(E) = 2. We note
here that these conditions on isogenies imply that E/Q is necessarily a non-CM elliptic curve,
by our work in Section 4.2. In addition, let us assume that the isogeny-torsion graph of E is
of the type ([2, 2], [2, 2], [4], [4], [4], [4], [2], [2]) or ([2, 6], [2, 2], [12], [4], [12], [4], [6], [2]). In either case,
E(Q)[2] = 〈P2, Q2〉, there are no other 2-power isogenies other than those coming from the 2-torsion,
and there is a Q-rational subgroup 〈A3〉 of order 3 (and in the second case of isogeny-torsion graph,
we have A3 defined over Q). In other words, E/Q satisfies two properties: (i) the 2-isogeny-torsion
graph is of type T4, with two Z/4Z torsion subgroups in corner vertices, and (ii) there is a 3-isogeny.
First, we shall characterize elliptic curves that satisfy (i), i.e., E/Q with 2-isogeny-torsion graph
of type T4 with two Z/4Z groups in corner vertices. After a relabeling of a basis of E[2], if necessary,
we may assume that the curves with Z/4Z torsion are E/〈P2〉, and E/〈Q2〉. Note that the rational
element of order 2 of E/〈P2〉 is φP2(Q2), which is contained in the groups of order 4 given by
〈φP2(Q4)〉 and 〈φP2(P4 + Q4)〉. Similarly, the rational element of order 2 of E/〈Q2〉 is φQ2(P2),
which is contained in the groups of order 4 given by 〈φQ2(P4)〉 and 〈φQ2(P4 +Q4)〉.
If we assume that both φP2(P4 + Q4) and φQ2(P4 + Q4) are defined over Q, then by Lemma
3.5, we have σ(P4 + Q4) − (P4 + Q4) ∈ 〈P2〉 and σ(P4 + Q4) − (P4 + Q4) ∈ 〈Q2〉 for all σ ∈ GQ.
Thus, σ(P4 +Q4)− (P4 +Q4) = O for all σ ∈ GQ. Therefore, P4 +Q4 is defined over Q and thus,
〈P4 + Q4〉 is a Q-rational group of order 4, but E/Q does not have 4-isogenies (only 2-isogenies),
otherwise C(E) > 8. If we assume that both φQ2(P4) and φP2(Q4) are defined over Q, then by the
first statement of Lemma 3.5, σ(P4) − P4 ∈ 〈Q2〉 and σ(Q4) −Q4 ∈ 〈P2〉 for all σ ∈ GQ. But then
the image of the mod 4 Galois representation attached to E is a subgroup of{(
1 2a
2b 1
)
: a, b ∈ Z/4Z
}
.
However, the determinant map would not surject onto (Z/4Z)× so we have a contradiction.
Thus, we may assume φQ2(P4) and φP2(P4 + Q4) are defined over Q (the other possibility is
obtained by exchanging the roles of P2 and Q2). Then, by Lemma 3.5, we have σ(P4) − P4 ∈ 〈Q2〉
and σ(P4 +Q4) − (P4 +Q4) ∈ 〈P2〉 for all σ ∈ GQ. Thus, σ(P4) = P4 + [2a]Q4 for some a = a(σ).
Since σ(P4+Q4)− (P4+Q4) ∈ 〈P2〉, we have σ(P4+Q4) = [1+2b]P4+Q4 for some b = b(σ). Thus,
σ(Q4) = [2b]P4 + [1− 2a]Q4 and the image of the mod 4 Galois representation is a subgroup of the
Klein 4 group:
H =
{(
1 0
0 1
)
,
(
1 2
0 1
)
,
(
1 0
2 3
)
,
(
1 2
2 3
)}
.
Let Ĥ ⊆ GL(2,Z2) be the subgroup such that Ĥ ≡ H mod 4. Using the Rouse–Zureick-Brown
database of 2-adic images, we find that the (non-CM) elliptic curves with 2-adic image contained in
Ĥ are parametrized by the points on X24e in the notation of [13]. Further, the modular curve X24e
is of genus 0, and a parametrization of the elliptic curves in the family is given by
EX24e : y
2 = x3 − (27t4 + 27t2 + 27)x+ (54t6 + 81t4 − 81t2 − 54),
with j-invariant equal to jEX24e(t) =
(t4+t2+1)3
t4(t2+1)2
.
On the other hand, the curves satisfying (ii) above, i.e., the elliptic curves E/Q with a 3-isogeny,
are parametrized by the non-cuspidal points of X0(3), a curve of genus 0. The j-invariant of such a
family can be found for example in [9], and it is given by j(s) = (s + 27)(s + 243)3/s3. Since our
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assumptions imply that E/Q is associated to a point in both X24e and X0(3), it follows that there
are rational numbers t and s such that
(t4 + t2 + 1)3
t4(t2 + 1)2
=
(s+ 27)(s+ 243)3
s3
.
Let C be the curve (of genus 13) defined by this equation1, that is,
C : (t4 + t2 + 1)3s3 − t4(t2 + 1)2(s+ 27)(s+ 243)3 = 0.
If we let C ′ : (t2 + t + 1)3s3 − t2(t + 1)2(s + 27)(s + 243)3 = 0 instead, then there is clearly a map
φ : C → C ′ that sends (s, t) 7→ (s, t2). The curve C ′ is of genus 6, and a computation with Magma
(code available at [8]) shows that C ′ has an automorphism group of order 6. The projective curve
C ′ has an automorphism
ψ : (t, s, z) 7→ (−tz − z2, ts, tz),
and the quotient C ′′ = C ′/〈ψ〉 is a genus 2 hyperelliptic curve with equation
C ′′ : y2 + x2y = −x5 − x4 + 4x3 − 2x2 − 9x+ 2.
Again using Magma, a descent shows that the jacobian J(C ′′)/Q is of rank 0, and therefore one can
use the Chabauty method to compute the rational points on C ′′. These are [−2,−2, 1] and [1, 0, 0]
in projective coordinates. Pulling these points back to C ′ via the map C ′ → C ′/〈ψ〉 = C ′′, we obtain
the rational points on C ′, which are
[t, s, z] ∈ {[−1, 0, 1], [0, 0, 1], [0, 1, 0], [1, 0, 0]}.
Note that all of these points have either t = 0 or s = 0 and are therefore cusps in C, so they do not
correspond to any elliptic curve with the properties we sought.
Hence, there are no elliptic curves E/Q that satisfy (i) and (ii), and we conclude that there are
no elliptic curves over Q whose isogeny-torsion graph is one of ([2, 2], [2, 2], [4], [4], [4], [4], [2], [2]) or
([2, 6], [2, 2], [12], [4], [12], [4], [6], [2]). This completes the proof of Theorem 4.2.
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